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1. Introduction 

1.1. Moduli spaces of Abelian and quadratic differentials. The moduli space 
Hg of pairs (C, w) where C is a smooth complex curve of genus g and uj is an 
Abelian differential (or, in the other words, a holomorphic 1-form) is a total space 
of a complex g-dimensional vector bundle over the moduli space M.g of curves of 
genus g. The moduli space Qg of of holomorphic quadratic differentials is a complex 
(3(7 — 3)-dimensional vector bundle over the moduli space of curves ^Ag. In all our 
considerations we always remove the zero sections from both spaces "Hg and Qg. 
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There arc natural actions of C* on the spaces Hg and Qg by multiphcation of the 
corresponding AbcUan or quadratic differential by a nonzero complex number. We 
will also consider the corresponding projectivizations PHg = Hg/C* and PQg = 
Qg/C* of the spaces Hg and Qg. 

Stratification. Each of these two spaces is naturally stratified by the degrees of 

zeroes of the corresponding Abelian differential or by orders of zeroes of the corre- 
sponding quadratic differential. (We try to apply the word "degree" for the zeroes of 
Abelian differentials reserving the word "order" for the zeroes of quadratic differen- 
tials.) We denote the strata by T-L{mi, . . . , nin) and Q((ii, .... dn) correspondingly. 

Here mi H h m„ = 2g — 2 and di-\ + d„ = 4^ — 4. By P'H(toi, . . . , m„) and 

PQ(c^i, • • • ,dn) we denote the projectivizations of the corresponding strata. We 
shall also consider slightly more general strata of meromorphic quadratic differen- 
tials with at most simple poles, for which we use the same notation Q{d\, . . . , dn) 
allowing to certain dj be equal to —1. 

The dimension of a stratum of Abelian differentials is expressed as 

dime Hirni, m„) = 2g + n - 1 . 

The dimension of a stratum of quadratic differentials which are not global squares 
of an Abelian differentials is expressed as 

dime Q{di, dn) ^2g + n-2 

Note that, in general, the strata do not have the structure of a bundle over the 
moduli space Aig, in particular, it is clear from the formulae above that some 
strata have dimension smaller then the dimension oi M.g. 

Period coordinates. Consider a small neighborhood {/{Co.ujo) of a "point" 
(Co, Wo) in a stratum of Abelian differentials ^{mx, . . . , to„). Any Abelian differ- 
ential w defines an element [uo] of the relative cohomology H^{C, {zeroes of w}; C). 
For a sufficiently small neighborhood of a generic "point" (Co, ujq) the resulting map 
from U to the relative cohomology is a bijection, and one can use an appropriate 
domain in the relative cohomology H^{C, {zeroes of ui}; C) as a coordinate chart 
in the stratum 'H(mi, . . . , m„). 

Chose some basis of cycles in Hi{S, {Pi, . . . , P„}; Z). By Zi, . . . , Z2g+n-i we 
denote the corresponding relative periods which serve as local coordinates in the 
stratum 1-L{mi, . . . , to„). Similarly, one can use {Z\ : Z2 ■ ■ ■ ■ : Z2g+n-i) as projec- 
tive coordinates in P'H(mi, . . . , m„). 

The situation with the strata Q(di, . . . , rf„) of meromorphic quadratic differ- 
entials with at most simple poles, which do not correspond to global squares of 
Abelian differentials, is analogous. We first pass to the canonical double cover 
p : S ^ S where p*q = Qp' becomes a global square of an Abelian differential w 
and then use the subspace H^{S, {zeroes of w}; C) antiinvariant mider the natural 
involution to construct coordinate charts. Thus, we again use a certain subcollec- 
tion of relative periods Zi,. . . ,Zk of the Abelian differential u) as coordinates in 

the stratum Q(di , rf„). Passing to the projectivization PQ(rfi, . . . , rf„) we use 

projective coordinates {Zi : Z2 : ■ ■ ■ : Z/-) 

1.2. Volume element and action of the linear group. The vector space 

H^{S, {zeroes of a;};C) 
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considered over real numbers is endowed with a natural integer lattice, namely 
with the lattice H^{S, {zeroes of aj};Z ® iZ). Consider a linear volume element 
in this vector space normalized in such way that a fundamental domain of the 
lattice has area one. Since relative cohomology serve as local coordinates in the 
stratum, the resulting volume element defines a natural measure u in the stratum 
'H{mi, . . . , m„). It is easy to see that the measure v does not depend on the choice 
of local coordinates used in the construction, so the volume element u is defined 
canonically. 

The canonical volume element in a stratum Q{di, . . . , dn) of meromorphic qua- 
dratic difl[erentials with at most simple poles is defined analogously using the vector 
space 



described above and the natural lattice inside it. 

Flat structure. A quadratic differential q with at most simple poles canonically 
defines a flat metric \q\ with conical singularities on the underlying Riemann surface 



If the quadratic differential is a global square of an Abelian differential, q = oj"^, 
the linear holonomy of the flat metric is trivial; if not, the holonomy representation 
in the group Z/2Z is nontrivial. We denote the resulting flat surface hy S = (C, w) 
or 5 = (C, q) correspondingly. 

A zero of order d of the quadratic differential corresponds to a conical point with 
the cone angle Tr{d + 2). In particular, a simple pole corresponds to a conical point 
with the cone angle tt. If the quadratic differential is a global square of an Abelian 
differential, q = uj"^, then a zero of degree m of w corresponds to a conical point 
with the cone angle 27r(m + 1). 

When q = uj^ the area of the surface S in the associated fiat metric is defined in 
terms of the corresponding Abelian differential as 



When the quadratic differential is not a global square of an Abelian differential, 
one can express the flat area in terms of the Abelian differential on the canonical 
double cover where p*q = u)"^: 



By 'Hi (mi, . . . ,rn„) and Qi{di, . . . ,dn) we denote the real hypersurfaces in the 
corresponding strata defined by the equation Area(5) = 1. We call these hyper- 
surfaces by the same word "strata" taking care that it does not provoke ambiguity. 

Group action. Let Xj = Re{Zj) and let Yj = lm{Zj). Let us rewrite the vector 
of periods {Zi, . . . , Z2g+n-i) in two lines 



Hl{S, {zeroes of a)};C) 



C. 
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The group GL+(2,R) of 2 x 2-matrices with positive determinant acts on the left 
on the above matrix of periods as 

I 9ll 512 \ 1^1 X2 ... ^2g+ji-l 
V521 522/ V^l Y2 ... Y2g+n-l 

Considering the hnes of resulting product as the real and the imaginary parts of 
periods of a new Abelian differential, we define an action of GL+(2,R) on the 
stratum ■H(toi, . . . , run) in period coordinates. Thus, in the canonical local affine 
coordinates, this action is the action of GL+(2,R) on the vector space 

H^{C, {zeroes of tj};C) ~ iJ^(C, {zeroes of tj};R) ~ 

~ R2 (g) H^{C, {zeroes of uj}; R) 

through the first factor in the tensor product. 

The action of the linear group on the strata Q{di, . . . ,dn) is defined completely 
analogously in period coordinates i?l(C, {zeroes of w};C). The only difference is 
that now we have the action of the group PSL(2,R) since p*q = uj^ = (— w)^, and 
the subgroup {Id, — Id} acts trivially on the strata of quadratic differentials. 

Remark. One should not confuse the trivial action of the element — Id on quadratic 
differentials with multiplication by —1: the latter corresponds to multiplication of 

the Abelian differential d) by z, and is represented by the matrix 

From this description it is clear that the subgroup SL(2, R) preserves the measure 
p and the function Area, and, thus, it keeps invariant the "unit hyperboloids" 
•Hi (mi, . . . ,m„) and Qi{di, . . . ,ci„). Let 

a{S) := Area(S') 

The measure v in the stratum defines canonical measure 

V 

da 

on the "unit hyperboloid" 'Hi{mi, . . . , m„) (correspondingly on Qi((ii, . . . , dn)). It 
follows immediately from the definition of the group action that the group SL(2,R) 
preserves the measures v and vi. 

The following two Theorems proved independently by H. Masur |M1| and by 
W. Veech |Vlj are fundamental for the study of dynamics in the Teichmiiller space. 

Theorem (H. Masur; W. Veech). The total volume of any stratum 'Hi{mi, . . . , to„) 
of Abelian differentials and of any stratum Qi{di, . . . ,c?„) of meromorphic quadratic 
differentials with at most simple poles with respect to the measure vi is finite. 

Note that the strata might have up to three connected components. The con- 
nected components of the strata were classified by the authors for Abelian differ- 
entials |KZ2j and by E. Lanneau |Lalj for the strata of meromorphic quadratic 
differentials with at most simple poles. 

Remark 1.1. The volumes of the connected components of the strata of Abelian 
differentials were effectively computed by A. Eskin and A. Okounkov |EOj . The 
volume of any connected component of any stratum of Abelian differentials has 
the form r • tt^^, where r is a rational number. The exact numerical values of the 
corresponding rational numbers are currently tabulated up to genus ten (up to 
genus 60 for some individual strata like the principal one). 
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Theorem (H. Masur; W. Veech). The action of the one-parameter subgroup of 
SL(2,R) (correspondingly o/PSL(2,K)^ represented by the matrices 



is ergodic with respect to the measure v\ on each connected component of each 

stratum "Hi (mi, . . . , to„) of Abelian differentials and on each connected component 
of each stratum Qi(di, . . . , dn) of meromorphic quadratic differentials with at most 
simple poles. 

The projection of trajectories of the corresponding group action to the moduH 
space of curves A4g correspond to Tcichmiillcr geodesies in the natural parametriza- 
tion, so the corresponding flow Gj on the strata is called the "Teichmiiller geodesic 
flow". Notice, however, that the Teichmiiller metric is not a Riemannian metric, 
but only a Finsler metric. 

1.3. Hodge bundle and Gauss— Manin connection. A complex structure on 
the Riemann surface C underlying a flat surface S of genus g determines a complex 
g-dimensional space of holomorphic 1-forms 0(C) on C, and the Hodge decompo- 
sition 



is positive-definite on iJ^'°(C) and negative-definite on H^'^{C). 

The projections H'^''^{C) H^iC; R), acting as [u] ^ [Re{u)] and [uj] ^ [Im(a;)] 
are isomorphisms of vector spaces over R. The Hodge operator * : H^{C:M.) ^■ 
iJi(C;IR) acts as the inverse of the first isomorphism composed with the second 
one. In other words, given v G H^{C;R), there exists a unique holomorphic form 
u){v) such that v ~ [Kc{uj(v))]; the dual *v is defined as [Im(a;)]. 

Define the Hodge norm oi v € H^{C,R) as 



Passing from an individual Riemann surface to the moduli stack Aig of Riemann 
surfaces, we get vector bundles = H^'° ® H^'^, and over A4g with fibers 
H^{C, C) = ifi'O(C) © ifO'HC), and H^{C, R) correspondingly over C G Mg. The 
vector bundle H^'^ is called the Hodge bundle. When the context excludes any 
possible ambiguity we also refer to each of the bundles and to as Hodge 
bundle. 

Using integer lattices H^{C,Z © iZ) and H^{C,Z) in the fibers of these vec- 
tor bundles we can canonically identify fibers over nearby Riemann surfaces. This 
identification is called the Gauss-Manin connection. The Hodge norm is not pre- 
served by the Gauss — Manin connection and the splitting H^. = H^'° © H°'^ is not 
covariantly constant with respect to this connection. 




H^{C; C) = H^'°{C) © H°^\C) ~ 0(C) © 0(C) . 



The intersection form 



(1.1) 




\\vr = {u;{v)Mv)) 
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1.4. Lyapunov exponents. Informally, the Lyapunov exponents of a vector bun- 
dle endowed with a connection can be viewed as logarithms of mean eigenvalues of 
monodromy of the vector bundle along a flow on the base. 

In the case of the Hodge bundle, we take a fiber of and pull it along a 
Teichmiiller geodesic on the moduli space. We wait till the geodesic winds a lot 
and comes close to the initial point and then compute the resulting monodromy 
matrix A{t). Finally, we compute logarithms of eigenvalues of A^A, and normalize 
them by twice the length t of the geodesic. By the Oseledets multiplicative ergodic 
theorem, for almost all choices of initial data (starting point, starting direction) the 
resulting 2g real numbers converge as i — > oo, to limits which do not depend on the 
initial data within an ergodic component of the flow. These limits Ai > • • • > X2g 
are called the Lyapunov exponents of the Hodge bundle along the Teichmiiller flow. 

The matrix A{t) preserves the intersection form on cohomology, so it is sym- 
plectic. This implies that Lyapunov spectrum of the Hodge bundle is symmetric 
with respect to the sign interchange, Xj = —X2g~j+i- Moreover, from elementary 
geometric arguments it follows that one always has Ai = 1. Thus, the Lyapunov 
spectrum is defined by the remaining nonnegative Lyapunov exponents 

A2 > • • • > Ag . 

Given a vector bundle endowed with a norm and a connection we can construct 
other natural vector bundles endowed with a norm and a connection: it is sufficient 
to apply elementary linear-algebraic constructions (direct sums, exterior products, 
etc.) The Lyapunov exponents of these new bundles might be expressed in terms of 
the Lyapunov exponents of the initial vector bundle. For example, the Lyapunov 
spectrum of a fcth exterior power of a vector bundle (where k is not bigger than a 
dimension of a fiber) is represented by all possible sums 

Aji H h Xj^ where ji < i2 < • • • < jk 

of fc-tuples of Lyapunov exponents of the initial vector bundle. 

1.5. Regular invariant suborbifolds. For a subset Aii C ?^i(mi . . . , m„) we 
write 

RMi = {{M,tu>) I (M,w) e Ml, tern.} c W(mi ...,m„). 
Let a{S) := Area(S'). 

Conjecture 1. Let 'H{mi . . . ,mn) he a stratum, of Abelia,n differentials. Let Ui be 
an ergodic SL(2, R)-invariant probability measure on 'Hi{m,i . . . , m„). Then 

(i) The support of vi is a suborbifold Mi o/ ?{i(mi, . . . , m„). In cohomo- 
logical local coordinates {S , {zeroes} ; C), the suborbifold M = KA^i of 
%{mi . . . ,mn) is represented by a complex affine subspace, such that the 
associated linear subspace is invariant under complex conjugation. 

(ii) Let V be the measure on M such that dv = dvida. Then v is affine, 
i.e. it is an affine linear measure in the cohomological local coordinates 
H^{S, {zeroes} -C). 

We say that a suborbifold M i , for which there exists a measure vi such that the 
pair {MijVi) satisfies (i) and (ii), is an invariant suborbifold. 

Conjecture 2. The closure of any SL{2, M.)-orbit is an invariant suborbifold. 
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These conjectures have been proved by C. McMullen in genus 2, see [McMj . 
They are also known in a few other special cases, see [EMkMr] and |CW| . A proof 
of Conjecture 1 has been recently announced by A. Eskin and M. Mirzakhani JEMij; 
a proof of Conjecture 2 has been recently announced by A. Eskin, M. Mirzakhani 
and A. Mohammadi jEMiMo) . 

Definition 1. An invariant suborbifold is regular if in addition to (i) and (ii) it 
satisfies the following technical condition: 

(iii) For K > and e > let J^i{K,e) C A4i denote the set of surfaces 
which contain two non-parallel cylinders Ci, C2, such that for i = 1,2, 
Mod(Ci) > K and w{Ci) < e. An invariant suborbifold is called regular if 
there exists a K > 0, such that 

(1.2) hr. . 0. 

All known examples of invariant suborbifolds are regular, and we believe this 
is always the case. In the rest of the paper we consider only regular invariant 
suborbifolds. (However, the condition (iii) is used only in section [9l) 

Remark. In view of Conjecture [1] in this paper we consider only density measures; 
moreover, densities always correspond to volume forms on appropriate suborbifolds. 
Depending on a context we use one of the three related structures mostly referring 
to any of them just as a "measure". Also, if A^i is a regular invariant suborbifold, 
we often write Careai-Mi) instead of Careaii^i)- 

Remark. We say that a subset A^i of a stratum of quadratic differentials is a 
regular invariant suborbifold if under the canonical double cover construction it 
corresponds to a regular invariant suborbifold of a stratum of Abelian differentials. 
See section [5] for details. 

1.6. Siegel— Veech constants. Let 5 be a flat surface in some stratum of Abelian 
or quadratic differentials. Together with every closed regular geodesic 7 on S" we 
have a bunch of parallel closed regular geodesies filling a maximal cylinder cyl 
having a conical singularity at each of the two boundary components. By the width 
w of a cylinder we call the flat length of each of the two boundary components, and 
by the height /i of a cylinder — the flat distance between the boundary components. 

The number of maximal cylinders filled with regular closed geodesies of bounded 
length w{cyl) < L is finite. Thus, for any L > the following quantity is well- 
defined: 



(1-3) Narea{S,L) := ^ Area(czjO 

^' ^ ) cylcS 
w{cyl)<L 

The following theorem is a special case of a fundamental result of W. Veech, |V3] 
considered by Y. Vorobets in jVbj : 

Theorem (W. Veech; Ya. Vorobets). Let vi be an ergodic SL{2, R)-invariant 
probability measure (correspondingly PSh{2,W) -invariant probability measure) on 
a stratum Hiirni, . . . ,mn) of Abelian differentials (correspondingly on a stratum 
Qi{di, . . . , dn) of meromorphic quadratic differentials with at most simple poles) of 
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area one. Then, the following ratio is constant (i.e. does not depend on the value 
of a positive parameter L): 

(1-4) J Narea{S,L)dl^i = Careail^l) 

This formula is called a Siegel — Veech formula, and the corresponding constant 
Carea(j^i) is Called the Siegel-Veech constant. 

Conjecture 3. For any regular SIj(2, W)-invariant suborbifold A4i in any stratum 
of Ahelian differentials the corresponding Siegel-Veech constant tt^ • Carea{Mi) is a 
rational number. 



By Lemma 11.11 below an affirmative answer to this conjecture automatically 
implies an affirmative answer to the analogous conjecture for invariant suborbifolds 
in the strata of meromorphic quadratic differentials with at most simple poles. 

Let vi be an ergodic PSL(2, R)-invariant probability measure on a stratum 
Qi{di, . . . ,dn) of meromorphic quadratic differentials with at most simple poles, 
which are not the global squares of Abelian differentials. Passing to a canonical 
double cover p : C C, where p*q becomes a global square of an Abelian differ- 
ential we get an induced SL(2, ]R)-invariant probability measure C/i on the resulting 
stratum 'Hi{mi, . . . , nik). The degrees mj of the corresponding Abelian differential 
Cj are given by formula (|2.5p in section [2?2l below. We shall need the following rela- 
tion between the Siegel-Veech constant Carea{i'i) of the induced invariant measure 
vi in terms of the Siegel-Veech constant Carea{i^i) of the initial measure vi. 

Lemma 1.1. Let vi be an Sh{2, M.)-invariant probability measure on a stratum 
Hi (mi, . . . , ruk) induced from a PSL(2, M.)-invariant probability measure on a stra- 
tum Qi{di, . . . , dn) by the canonical double cover construction. The Siegel-Veech 
constants of the two measures are related as follows: 

Proof. Consider any flat surface S — (C, q) in the support of the measure vi. The 
linear holonomy of the flat metric on S along any closed flat geodesic is trivial. 
Thus, the waist curves of cylinders on S are lifted to closed flat geodesies on the 
canonical double cover S of the same length as downstairs. Hence, the total area 
Area(cj/Z) swept by each family of parallel closed geodesies on the double cover S 
doubles with respect to the corresponding area downstairs. Since Area S = 2 Area S 
we get 

w{^l)<L w{cyl)<L 

For a flat surface M denote by M(i) a proportionally rescaled flat surface of area 
one. The definition of Narea{M, L) immediately implies that for any L > 

iVarea(M(l), = Narea (m, ^Area{M)L 

Hence, 
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Careaih) ■= —j^ / N area{S{l), L) dvi / N area ( 5, ^ ArCa(S')L j dvi = 



2. Sum of Lyapunov exponents for SL(2,]R)-invariant suborbifolds 

2.1. Historical remarks . There are no general methods of evaluation of Lyapunov 
exponents unless the base is a homogeneous space or unless the vector bundle has 
real 1-dimensional equivariant subbundles. However, in some cases it is possible to 
evaluate Lyapunov exponents approximately through computer simulation of the 
corresponding dynamical system. Such experiments with Rauzy-Veech induction 
(a discrete model of the Teichmiiller geodesic flow) performed by the authors in 
1995-1996, indicated a surprising rationality of the sums Ai + ■ ■ • + Ag of Lyapunov 
exponents of the Hodge bundle with respect to Teichmiiller flow on strata of Abelian 
and quadratic differentials, see |KZ1| . An explanation of this phenomenon was given 
by M. Kontsevich in [K] and then developed by G. Forni |Fol) . 

It took us almost fifteen years to collect and assemble all necessary ingredients 
to obtain and justify an explicit formula for the sums Ai + • • • + Ag . In particular, to 
obtain explicit numerical values of these sums, one needs to know the classification 
of connected components of the strata (which was performed by M. Kontsevich 
and A. Zoricli ^KZl, and by E. Lanneau [Lalj ): one needs to compute volumes of 
these components (they are computed in the papers of A. Eskin, A. Okounkov, and 
R. Pandharipande [EO], [EOF] ): one also has to know a description of the principal 
boundary of the components of the strata, and values of the corresponding Siegel- 
Veech constants (obtained by A. Eskin, H. Masur and A. Zorich in [EMZ] and jMZ) ). 

Several important subjects related to the study of the Lyapunov spectrum remain 
beyond the scope of our consideration. We address the reader to the original paper 
of G. Forni [M], to the survey |Fo2) and to the recent papers |F3) . [T] for the 
very important issues of determinant locus and of nonuniform hyperbolicity. We 
address the reader to the paper [AvVij of A. Avila and M. Viana for the proof of 
simplicity of the spectrum of Lyapunov exponents for connected components of the 
strata of Abelian differentials. For invariant suborbifolds of the strata of Abelian 
differentials in genus two (see |Balj . jBa2| ) and for certain special Teichmiiller 
curves, the Lyapunov exponents are computed individually, see jBwMoj . [EKZj . 



2.2. Sum of Lyapunov exponents. Now we are ready to formulate principal 
results of our paper. 

Theorem 1. Let Mi be any closed connected regular SL(2, W) -invariant suborbifold 
of some stratum Hiimi, . . . , m„) of Abelian differentials, where mi + ■ • • + m„ = 
2g — 2. The top g Lyapunov exponents of the of the Hodge bundle over A4i 
along the Teichmiiller flow satisfy the following relation: 



where we used the notation R \/2L. 



□ 



[rb2] . |FMZ1) . 



(2.1) 
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where Careai-Mi) is the Siegel-Veech constant corresponding to the regular suhorb- 
ifold Ml. The leading Lyapunov exponent Ai is equal to one. 

We prove Theorem [1] and formula (12.11) in the very end of section [3] 

Remark. For aU known regular SL(2, M)-invariant suborbifolds, in particular, for 
connected components of the strata and for preimages of Teichmiiller curves, the 
sum of the Lyapunov exponents is rational. However, currently we do not have a 
proof of rationality of the sum of the Lyapunov exponents for any regular SL(2, R)- 
invariant suborbifold. 

Let us proceed with a consideration of sums of Lyapunov exponents in the case 
of meromorphic quadratic differentials with at most simple poles. Let be a 
flat surface of genus g in a stratum Q{di, . . . ,dn) of quadratic differentials, where 
di + ■ ■ ■ + dn ~ ig — 4. Similarly to the case of Abelian differentials we have the 
Hodge bundle over Q{di, . . . , dn) with a fiber H^{S, R) over a "point" S. As 
before this vector bundle is endowed with the Hodge norm and with the Gauss- 
Manin connection. We denote the Lyapunov exponents corresponding to the action 
of the Teichmiiller geodesic flow on this vector bundle by A]*" > • • • > A+ . 

Consider a canonical (possibly ramified) double cover p : 5 — > 5 such that 
p*q — (cl;)^, where di is an Abelian differential on the Riemann surface S. This 
double cover has ramification points at all zeroes of odd orders of q and at all 
simple poles, and no other ramification points. It would be convenient to introduce 
the following notation: 

(2-2) geff-.^g-g 

By construction the double cover S is endowed with a natural involution a : 
S —i' S interchanging the two sheets of the cover. We can decompose the vector 
space H^{S,M.) into a direct sum of subspaces H^{S,M.) and H^{S,M.) which are 
correspondingly invariant and anti-invariant with respect to the induced involution 
cr* : H^{S,M.) — > H^{S,W) on cohomology. Note that topology of the ramified 
cover S" — i' S" is the same for all flat surfaces in the stratum Q(di, . . . ,dn)- Thus, 
we get two natural vector bundles over Q(di, . . . , dn) which we denote by H]^ and 
by By construction, these vector bundles are equivariant with respect to the 
PSL(2, R)-action; they are endowed with the Hodge norm and with the Gauss- 
Manin connection. 

Clearly, the vector bundle is canonically isomorphic to the initial Hodge 
bundle H^: it corresponds to cohomology classes pulled back from to by the 
projection p : S ^ S. Hence, 

dimiJl = dimi?l(S',R) = 2geff 

We denote the top g^ff Lyapunov exponents corresponding to the action of the 
Teichmiiller geodesic flow on the vector bundle by Aj~ > • • • > A~^ . 

Theorem 2. Consider a stratum Qi(c?i, . . . ,dn) in the moduli space of quadratic 
differentials with at most simple poles, where c?i + • • • + (i„ = 4g — 4. Let Mi be 
any regular PSL{2,M.)-invariant suborbifold of Qi(di, . . . ,dn). 

a) The Lyapunov exponents A^ > • • • > A^ of the invariant subbundle of the 
Hodge bundle over Mi along the Teichmiiller flow satisfy the following relation: 
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1 " +4) 

j=i J 

where Carea{M^i) is the Siegel-Veech constant corresponding to the suborbifold Aii. 
By convention the sum in the left-hand side of equation (j2.3p is defined to be equal 
to zero for g — 0. 

b) The Lyapunov exponents > ■■■ > Xg^^. of the anti-invariant subbundle 
of the Hodge bundle over Mi along the Teichmiiller flow satisfy the following 
relation: 

(2-4) (Ar + --- + A,-J-(A+ + ... + A+) = i. E 

j such that 
dj is odd 

The leading Lyapunov exponent X^ is equal to one. 

We prove part (a) of Theorem [2] and formula (|2.3I) in the very end of section [S] 

Proof of part (b ) of Theorem [H Recah that we reserve the word "degree" for the 
zeroes of Abelian differentials and the word "order" for the zeroes of quadratic 
differentials. 

Let the covering flat surface S belong to the stratum H(mi, . . . ,TOfe). The re- 
sulting holomorphic form w on S* has zeroes of the following degrees: 

A singularity of order d oi q on S 

two zeroes of uj of degree m — d/2 when d is even 
single zero of (1> of degree ni ~ d + 1 when d is odd 

Thus, we get the following expression for the genus g of the double cover S: 



(2.5) gives rise to 



1 

(2.6) g ~ 2g — 1 + - (Number of singularities of odd order) 

which follows from the relation below: 

45-4 - E (2rf.+2) + E (2d,) = 

j such that j such that 

dj is odd dj is even 

n 

= 2 E] + 2 (Number of singularities of odd order) = 
j=i 

= 2(4(7 — 4) + 2 (Number of singularities of odd order) 

Applying Theorem [T] and equation ()2.16|) to the invariant suborbifold A4 C 
%(rni, . . . , mfc) induced from M. we get 

1 ^TOi(mj + 2) TT^ , 

Ai + .-. + A, = Y^-E ^^ + 1 +^-c.rUM) 

i—1 

where g is the genus of S", and Ai > • • • > Ag are the Lyapunov exponents of the 
Hodge bundle i?i(S';M) over M. 
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Note that H^{S;R) decomposes into a direct sum of symplecticaUy orthogonal 
subspaces: 

Hence, 

(Ai + ... + A§) = (Ar + --- + A;^^) + (A+ + ... + A+) 

Moreover, by Lemma Tl. II we have Careai-M) = 2 Carea(-A^i), which implies the fol- 
lowing relation: 

(2.7) (Ar + ... + A-,J + (A+ + ... + A+) = 

1 ■A ■mi{mi + 2) TT^ 
12 '^-^ mi + 1 3 

2—1 

The degrees rrii of zeroes of the Abelian differential Cj defining the flat metric 
on S are calculated in terms of the orders dj of zeroes and of simple poles of the 
quadratic differential q defining the flat metric on S by formula (j2.5p . which implies: 

" m,(m, + 2) _ ^ {dj + l)(rfj +3) ^ ^ (dj/2)(dj-/2 + 2) 

1 J such that j;' such that 

is odd dj is even 



Thus, we can rewrite relation ()2.7p as follows: 
(Ar + --- + A,-J + (A+ + ... + A+) = 

1 ^ (d, + l)(d,-+3) 1 ^ d^d^ ^2 

= 12 ^ d-T^ +12 ^ d,+2 + 2yCa...(A^i) 

such that j such that 

is odd dj is even 



Taking the difference between the above relation and relation (|2.3p taken with 
coefficient 2 we obtain the desired relation (12.41) . □ 

2.3. Genus zero and hyperelliptic loci. Our results become even more explicit 
in a particular case of genus zero, and in a closely related case of hyperelliptic loci. 

Theorem 3. Consider a stratum Qi(c?i, . . . ^dn) in the moduli space of quadratic 
differentials with at most simple poles on CP , where di + ■ ■ ■ + dn = —4. Let Mi 
he any regular Y'S1j{2,R) -invariant suborhifold of Qi{di, . . . ,dn)- Let g^ff be the 
genus of the canonical double cover S over a Riemann surface S in Qi(c?i, . . . , c?n). 

(a) The Siegel-Veech constant Carea{-Mi) depends only on the ambient stratum 
and equals 

1 ^ d,{d,+i) 

j=l J 

(b) The Lyapunov exponents Aj^ > • • • > A^^^^. of the anti-invariant subhundle 
i/1 of the Hodge bundle over Mi along the Teichmiiller flow satisfy the 
following relation: 

(2-8) ^r + --- + A,-,, = ^- E 



4 d,- + 2 

j such that •' 
dj is odd 



Remark. Relation (|2.8p was conjectured in [KZlj . 
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Proof. Apply equations (|2.3p and (|2.4|) and note that by convention the sum of 
exponents [X^ + • • • + A+) in the left-hand side is defined to be equal to zero for 
5 = 0. □ 

The square of any holomorphic 1-form w on a hyperelliptic Riemann surface S is 
a puUback (w)^ — p*q of some meromorphic quadratic differential with simple poles 
q on CP^ where the projection p : 5* — > CP^ is the quotient over the hyperelliptic 
involution. The relation between the degrees toi , . . . , of zeroes of cj and the 
orders di , . . . , d„ of singularities of q is established by formula (|2.5p . 

Note, that a pair of hyperelliptic Abelian differentials wi, W2 in the same stratum 
?^(mi, . . . , nik) might correspond to meromorphic quadratic differentials in different 
strata on CP depending on which zeroes are interchanged and which zeroes are 
invariant under the hyperelliptic involution. Note also, that hyperelliptic loci in the 
strata of Abelian differentials are SL(2, M)-invariant, and that the orders di, . . . ,dn 
of singularities of the underlying quadratic differential do not change under the 
action of SL(2,M). 

Corollary 1. Suppose that Aii is a regular Sh{2,M) -invariant suborbifold in a 
hyperelliptic locus of some stratum Hi (mi, . . . ,mk) of Abelian differentials in genus 
g. Denote by (di, . . . , (i„) the orders of singularities of the underlying quadratic 
differentials. 

The top g Lyapunov exponents of the Hodge bundle over Mi along the Te- 
ichmiiller flow satisfy the following relation: 

1 1 
Ai + • • • + Ao = - • N 



4 ^ d, + 2 ' 

j such that 
dj is odd 

where, as usual, we associate the order di = —1 to simple poles. 

In particular, for any regular SL(2, S.)-invariant suborbifold Mi in a hyperelliptic 
connected component one has 

1 + A2 + --- + A3 = for Mi<zn'iy^{2g-2) 



2.9 - 1 

1 + A2 + --- + Ag = ^ for Mi^H'^%g-l,g-l). 

Proof. The first statement is just an immediate reformulation of Theorem [31 To 
prove the second part it is sufficient to note in addition, that hyperelliptic connected 
components 'H^yP{2g~2) and ^''^^(5-1, g-l) are obtained by the double cover con- 
struction from the strata of meromorphic quadratic differentials Q{2g — 3, — l^f+i) 
and Q{2g — 2,— f^s+^) correspondingly. □ 

Corollary 2. For any regular S1j{2,M.)- invariant suborbifold Mi in the stratum 
7^1(2) of Abelian differentials in genus two the Siegel-Veech constant Careai-^i) 
equal to 10/(37r^) and the second Lyapunov exponent A2 is equal to 1/3. 

For any regular SL(2,M.) -invariant suborbifold Mi in the stratum of 
Abelian differentials in genus two the Siegel-Veech constant Carea{Mi) is equal to 
15/(47r^) and the second Lyapunov exponent A2 is equal to 1/2. 

Proof. Any Riemann surface of genus two is hyperelliptic. The moduli space of 
Abelian differentials in genus 2 has two strata 'H{2) and H{1,1). Both strata 
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are connected and coincide with their hypereUiptic components. The vahic of the 
Siegel-Veech constant is now given by Theorem [3] and Lemma 11.11 and the values 
of the sums Ai + A2 = 1 + A2 are calculated in Corollary [TJ □ 

Remark. The values of the second Lyapunov exponent in genus 2 were conjec- 
tured by the authors in 1997 (see [KZl] ). This conjecture was recently proved by 
M. Bainbridge [Balj . |Ba2) where he used the classification of ergodic SL(2,M)- 
invariant measures in the moduli space of Abelian differentials in genus due to 
C. McMullen [McMl . 

Remark. Note that although the sum of the Lyapunov exponents is constant, in- 
dividual Lyapunov exponents XJ (Ai 1 ) might vary from one invariant suborbifold 
of a given stratum in genus zero to another, or, equivalently, from one invariant 
suborbifold in a fixed hypereUiptic locus to another. 

We formulate analogous statements for the hypereUiptic connected components 
in the strata of meromorphic quadratic differentials with at most simple poles. 

Corollary 3. For any regular PSLi(2,TS.) -invariant suborbifold Mi in a hypereUiptic 
connected component of any stratum of meromorphic quadratic differentials with at 
most simple poles, the sum of nonnegative Lyapunov exponents + X2 + ■ ■ ■ + Xj^^. 
has the following value: 

k) - 3, 2(.g - fc) - 3, 2fc + 1, 2k + l) 

-1, 5 > 1, 9 - k>2,geff ^ g + 1 
fc)-3,2(5-fc)-3,4fc + 2), 
0, .9 > 1, g-k> 1, g^ff = g 
fc) -6,4fc + 2), 

0, g>2, g~k>2, g,ff=g-l. 

We shall need the following general Lemma in the proof of Corollary [3l 

Lemma 2.1. Consider a meromorphic quadratic differential q with at most simple 
poles on a Riemann surface C . We assume that q is not a global square of an 
Abelian differential. Suppose that for some finite cover 

P:C^C 

(possibly ramified at conical singularities of q) the induced quadratic differential P*q 
on C becomes a global square of an Abelian differential. Then the cover P quotients 
through the canonical double cover p : C ^ C 

C C 
\ / 
C 

constructed in section (|2.2p . 

Proof. Let us puncture C at all zeroes of odd orders and at all simple poles of g; let 
us puncture C and C at all preimages of punctures on C. If necessary, puncture C 
at all remaining ramification points. The covers P and p restricted to the resulting 
punctured surfaces become nonramified. 



~ + 2(2g-2fc-l)(2fc+3) ^^"^ ^1 \^^9 ^ 

where k > 
where k > 

f for Ql'^i^g- 

where k > 
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A non ramified cover / : X — > Z is defined by tlie image of the group /*7ri {X) C 
TTi{Z). A cover / quotients through, a cover g : Y ^ Z ii and only if /*7ri(X) is a 
subgroup of g^ni{Y). 

Consider the flat metric defined by the quadratic differential g on C punctured 
at the conical singularities. Note that by definition of the cover p : (7 — > C, 
the subgroup p*7ri(C) coincides with the kernel of the corresponding holonomy 
representation tti(C) — Z/2Z. 

The quadratic differential P*q induced on the covering surface 5 by a finite cover 
P : C* — )• C is a global square of an Abelian differential if and only if the holonomy 
of the induced fiat metric is trivial, or, equivalently, if and only if P^ttiC is in the 
kernel of the holonomy representation tti{C) — > Z/2Z. Thus, the Lemma is proved 
for punctured surfaces. 

It remains to note that the ramification points of the canonical double cover 
p : C* — > C are exactly those, where q has zeroes of odd degrees and simple poles. 
Thus, the cover P : C ^ C necessarily has ramifications of even orders at all these 
points, which completes the proof of the Lemma. □ 

Proof of Corollary \^ Let S* be a surface in a hyperelliptic connected component 
; let S be the underlying flat surface in the corresponding stratum 
Q{di, . . . , dn) of meromorphic quadratic differentials with at most simple poles 

on CP^. Denote by S and by S the corresponding flat surfaces obtained by the 
canonical ramifled covering construction described in in section (|2.2|) . 
By Lemma EH] the diagram 

S S 



S ^ — S 
can be completed to a commutative diagram 

S I 
(2.9) I 

S S. 

By construction / intertwines the natural involutions on S and on 5*. Hence, we 
get an induced linear map /* : H^{S) — >■ H^{S). Note that since S ~ CP^, one 
has H^iS) = H^{S). Note also that a holomorphic differential f*uj in H'^'°{S) 
induced from a nonzero holomorphic differential uj € H^''^{S) by the double cover / 

is obviously nonzero. This implies that /* : H^{S) — >■ H^{S) is a monomorphism. 

An elementary dimension count shows that for the three series of hyperelliptic 
components listed in Corollary [3l the effective genera associated to the "orienting" 

double covers S —?' S and to 5 — > S* coincide. Hence, for these three series of 
hyperelliptic components the map /* is, actually, an isomorphism. This implies 
that the Lyapunov spectrum > Aj" > • • • > A~^. for Q''^^(toi, . . . , nik) coincides 
with the corresponding spectrum for Q{di, . . . ,dn)- 
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The remaining part of the proof is completely analogous to the proof of Corol- 
larylH The relation between the orders of singularities of Q''^^(mi, . . . , mfc) and of 
the underlying stratum Qi{di, . . . ,dn) is described in ILa2) . □ 

Note that for a general ramified double cover S~CP^ from diagram (I2.9P 

the effective genera associated to the "orienting" double covers S S and S* — > S* 

might be different. The map /* : H^{S) — >■ iJl(S') is still a monomorphism in this 
more general situation, but not necessarily an isomorphism. 

Denote by go the genus of the surface S. Since S ~ CP\ the effective genus 
of the cover S* — >■ 5 coincides with 170. Our consideration shows that in this more 
general situation, when we have a regular PSL(2, M)-invariant suborbifold A^i in 
some stratum . . . , (i„) of meromorphic quadratic differentials with at most 

simple poles on CP^, and an induced regular PSL(2, R)-invariant suborbifold Aii 
in the associated hyperelliptic locus of the associated stratum Qi(mi, . . . , irik), the 
Hodge bundle over A4i contains a PSL(2, R)-invariant subbundle of dimension 
2f/o with symmetric spectrum of Lyapunov exponents along the Teichmiiller flow. 
The top go Lyapunov exponents of this subbundle satisfy the following relation: 

j such that 
dj is odd 

Let us use Corollary[3]to study the Lyapunov exponents of the vector bundle iJl 
over invariant suborbifolds in the strata of holomorphic quadratic differentials in 
small genera. We consider only those strata, Q(di, . . . , (i„), for which the quadratic 
differentials do not correspond to global squares of Abelian differentials. 

Recall that any holomorphic quadratic differential in genus one is a global square 
of an Abelian differential, so Q(0) = 0. Recall also, that in genus two the strata 
Q(4) and Q(3, 1) are empty, see |MSj . The stratum Q(2, 2) in genus two has effective 
genus one, so = 1 and there are no further positive Lyapunov exponents of H^. 

Corollary 4. For any regular I'Sh{2, R)-invariant suborbifold Aii in the stratum 
Qi(2, 1, 1) of holomorphic quadratic differentials in genus two the second Lyapunov 
exponent is equal to 1/3. 

For any regular VS1j{2,M.) -invariant suborbifold Mi in the stratum Qi(l, 1, 1, 1) 
of holomorphic quadratic differentials in genus two the sum of Lyapunov exponents 
X2 + A;^ is equal to 2/3. 

Proof. Each stratum coincides with its hyperelliptic connected component, so we 
are in the situation of Corollary [31 □ 

2.4. Positivity of several leading exponents. 

Corollary 5. For any regular SL(2, R)-invariant suborbifold in in any stratum of 
Abelian differentials in genus g > 7 the Lyapunov exponents A2 > • • • > Afe are 
strictly positive, where k = ^^^^1]^ + 1 • 

For any regular SL(2, M.)-invariant suborbifold in the principal stratum Hiil ... 1) 
of Abelian differentials in genus g > 5 the Lyapunov exponents A2 > ■ ■ • > Afc are 
strictly positive, where k — [^j^] + 1- 
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Proof. Consider formula p.ip . Since Carea > 0, and 1 = Ai > A2 > A3 > . . . , we 
get at least fc + 1 positive Lyapunov exponents Ai, . . . , Afc as soon as the expression 



1 " 

(2-10) ^ E 



m,{m, + 2) 



12 ^ m, + 1 

is greater than or equal to fc, where A; is a strictly positive integer. (Here the strict 
inequality Ai > A2 is the result of Forni jFol| .) It remains to evaluate the minimum 
of expression (|2.10p over all partitions of 2g — 2 and notice that it is achieved on 
the "smallest" partition {2g — 2) composed of a single element. For this partition 
the sum (|2.10|) equals 

1 / 1 \ (3-1)5 



12 V 2.9 - 1 y 65-3 

This proves the first part of the statement. 

The consideration for the principal stratum is completely analogous, except that 
this time the above sum equals {g — l)/4. □ 

Problem 1. Are there any examples of regular Sh{2,M.) -invariant suborbifolds 
Ail in the strata of Abelian differentials in genera g > 2 different from the two 
arithmetic Teichmiiller curves found by G. Forni in [Fo2 and by G. Forni and 
C. Matheus [FMZl] with a completely degenerate Lyapunov spectrum X2 — ■ ■ ■ ~ 
X,=0? 

By Corollary [5] such example might exist only in certain strata in genera from 
3 to 6. By the resuh of M. MoUer pvIo2] . Teichmiiller curves with such property 
might exist only in several strata in genus five. 

Corollary 6. For any regular PSh{2,M.) -invariant suborbifold in any stratum of 
holomorphic quadratic differentials in genus g > 7 the Lyapunov exponents Aj > 
• • • > A^ and the Lyapunov exponents A2^ > • • • > A^T are strictly positive, where 
h. _ r (g-i)g 1 I 1 

~ [ eg+3 \ + 

For any regular PSIj{2, W)-invariant suborbifold in the principal stratum of holo- 
morphic quadratic differentials in genus .9 > 5 the Lyapunov exponents Aj > • • • > 

A^ are strictly positive, where k — ^^^g + 1 . 

For any regular PSh{2,M.) -invariant suborbifold in the principal stratum of holo- 
morphic quadratic differentials in genus g = 2 the Lyapunov exponent A^ is strictly 
positive. For any regular PSh{2, R)-invariant suborbifold in the principal stratum 
of holomorphic quadratic differentials in genus g > 3 the Lyapunov exponents 

' 11(3-1) " 
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A2 > • • • > A, are strictly positive, where I = 



1. 



Proof. This time we use formulae (|2.3p and (|2.4p . Note that since the quadratic 
differentials under consideration are holomorphic, we have dj > 1 for any j. Note 
also, that it follows from the result of Forni jFolj that Aj~ > A2" and that Aj~ > 
\^ . Finally, by elementary geometric reasons one has Aj^ = 1. For genus two 
we use Corollary m The rest of the proof is completely analogous to the proof of 
Corollary [5l □ 

Problem 2. Are there any examples of regular PSIj{2, R)-invariant suborbifolds 
Jvii in the strata of meromorphic quadratic differentials in genera g^ff > 2 different 
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from the TeichmiiUer curves of square-tiled cyclic covers listed in [FMZlj having 
completely degenerate Lyapunov spectrum X2 = ■ ■ ■ = A^"^^ = for the bundle H}_ ? 

Question 1. Are there any examples of regular T'Sh{2, M.)-invariant suborbifolds 
Ml in the strata of meromorphic quadratic differentials in genera g > 2 different 
from the TeichmiiUer curves of square-tiled cyclic covers listed in [FMZlj having 
completely degenerate Lyapunov spectrum A^ = • • • = A+ = for the bundle ? 

Note that under additional restriction tliat the corresponding quadratic differen- 
tials are holomorphic Corollary[n]limits the genus of possible examples for Probleni[2] 
and for Question [T] to several possible values only. 

2.5. Siegel Veech constant: values for certain invariant suborbifolds. We 

compute numerical values of the Siegel- Veech constant for some specific regular 
SL(2, E)-invariant suborbifolds in section [TOl We consider the largest possible and 
the smallest possible cases, namely, we consider connected components of the strata 
and TeichmiiUer discs of arithmetic Veech surfaces. In the current section we for- 
mulate the corresponding statements; the proofs are presented in section [TUl 

2.5.1. Arithmetic TeichmiiUer discs. Consider a connected square-tiled surface in 
some stratum of Abelian or quadratic differentials. For every square-tiled surface Si 
in its SL(2, Z)-orbit (correspondingly PSL(2, Z)-orbit) consider the decomposition 
of Si into maximal cylinders cylij filled with closed regular horizontal geodesies. 
For each cylinder cylij let Wij be the length of the corresponding closed horizontal 
geodesic and let hij be the height of the cylinder cylij. Let card(SL(2,Z) • S) 
(correspondingly card(PSL(2, Z) • S)) be the cardinality of the orbit. 

Theorem 4. For any connected square-tiled surface S in a stratum 'H{mi, . . . , m„) 
of Abelian differentials, the Siegel-Veech constant Carea{M.i) of the SL(2, R)-or6if 
M.I of the normalized surface S'(i) G 'Hi{mi, . . . ,mn) has the following value: 

(2-^^) ^-(-^^^-^■ card(SL(2,Z).5) ^ ^ 

^ ^ ' ' ' SiGSL(2,Z)-S horizontal 

cylinders cyl^j 

such that 
S,=Ucylij 

For a square-tiled surface S in a stratum of meromorphic quadratic differentials 
with at most simple poles the analogous formula is obtained by replacing SL(2, Z) 
with PSL(2,Z). 

Theorem 2] is proved in section [TUl 

Corollary 7. a) Let Mi be an arithmetic TeichmiiUer disc defined by a square- 
tiled surface Sq of genus g in some stratum Hi(mi, . . . , m,i) of Abelian differentials. 
The top g Lyapunov exponents of the of the Hodge bundle over Mi along the 
TeichmiiUer flow satisfy the following relation: 



(2.12) Ai + --- + A 



9 



1 ^mi{mi-\-2) 1 hij 

12 ' ^ m, + l ^ card(SL(2,Z) • So) ^ ^ 



V V ' / v., 5.^SL(2,Z)-5o horizontal 

cylinders cyl.^ 

such that 
Si=U cylij 
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b) Let Ail he an arithmetic Teichmuller disc defined by a square-tiled surface So 
of genus g in some stratum Qi{di, . . . ,dn) of meromorphic quadratic differentials 
with at most simple poles. The top g Lyapunov exponents of the of the Hodge bundle 
H} over A4 1 along the Teichmilller flow satisfy the following relation: 



(2.13) A+ 



1 ^ di{di 
24'^ 4 



+ A+ = 
4) , 



\ y 



horizontal 
cylinders cyl^j 

such that 
Si = Ucylij 



Wi 



Remark. Combining equation (j2.13l) from statement b) of the Corollary above with 
equation (j2.4p from Theorem 12.31 we immediately obtain a formula for the sum of 



the Lyapunov exponents Aj^ + • • • + Xg^g of the corresponding Teichmiiller disc. 

To illustrate how the above statement works, let us consider a concrete example. 
The following square-tiled surface is SL(2, Z)-invariant. It belongs to the principal 
stratum 7^(1, 1, 1, 1) in genus (7 = 3. 
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Figure 1 . Eierlegende Wollmilchsau 



Hence, the sum of the Lyapunov exponents for the corresponding Teichmiiller 
disc equals 

1 4 ^^^2) I (l l\ 1 1 

1 + ^^ + ^^ - T^-E-TTT + T^i+ij = 2+2 ^ ^ 

This implies that A2 = A3 = 0. (This result was first proved by G. Forni in |Fo2) . 
who used symmetry arguments). 



Remark. G. Forni and C. Matheus have found another square-tiled cyclic cover 
with completely degenerate Lyapunov spectrum, see jFMZlj . Corollary [5] shows 
that if there are any further regular invariant suborbifolds in the strata of Abelian 
differentials, they are located in genera from 3 to 6. Results of M. Moller |M62] 
indicate that the two examples mentioned above might be the only two examples of 
regular invariant subvarieties in the strata of Abelian differentials having completely 



degenerate Lyapunov spectrum, A2 



A„ 



0. 



2.5.2. Connected components of the strata. Let us come back to generic flat surfaces 
S in the strata. Consider a maximal cylinder cyl^ in a fiat surface S. Such a cylinder 
is filled with parallel closed regular geodesies. Denote one of these geodesies by 71. 
Sometimes it is possible to find a regular closed geodesic 72 on S parallel to 71, 
having the same length as 71, but living outside of the cylinder cyli. It is proved 
in |EMZ] that for almost any fiat surface in any stratum of Abelian differentials this 
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implies that 72 is homologous to 71. Consider a maximal cylinder containing 
72 filled with closed regular geodesies parallel to 72. Now look for closed regular 
geodesies parallel to 71 and to 72 and having the same length as 71 and 72 but 
located outside of the maximal cylinders cyli and cyl2, etc. The resulting maximal 
decomposition of the surface is encoded by a configuration C of homologous closed 
regular geodesies (see |EMZ) for details) . 

One can consider a counting problem for any individual configuration C. Denote 
by Nc{S,L) the number of collections of homologous saddle connections on S of 
length at most L forming the given configuration C. By the general results of 
A. Eskin and H. Masur [EM_, almost all flat surfaces in 'H'^°"^^{mi, . . . , m„) share 
the same quadratic asymptotics 

Ne{S,L) 

(2.14) hm ' ^cc 

where the Siegel — Veech constant cc depends only on the chosen connected com- 
ponent of the stratum. 

Theorem (Vorobets). For any connected component of any stratum of Abelian 
differentials the Siegel-Veech constants Carea and cq are related as follows: 



9-1 



(2.15) Carea = -r. TTT T 7 ' E '2' ' E ■ 

^ g— 1 Configurations C 

containing exactly 
q cylinders 

The above Theorem is proved in [Vbj . As an immediate corollary of Theorem [1] 
and the above theorem we get the following statement: 

Theorem 1'. For any connected component of any stratum T-Lirni, . . . ,mn) of 
Abelian differentials the sum of the top g Lyapunov exponents induced by the Te- 
ichmiiller flow on the Hodge vector bundle satisfies the following relation: 



(2.16) Ai + --- + A 



g 



1 " 

-■T 

19 ^ 



mi{mi+2) TT^ ^ 

+ Ta- 577 \ 5 ■ ■ 



12 "^^ + 1 3dimcH(mi,...,m„)-3 Adm^ssme 

configurations C 
containing exactly 
q cylinders 

where cq are the Siegel-Veech constant of the corresponding connected component 
of the stratum H(mi, . . . , m„). 

The Siegel-Veech constants cc were computed in |EMZ| . Here we present an 
outline of the corresponding formulae. 

A "configuration" C can be viewed as a combinatorial way to represent a flat 
surface as a collection of q flat surfaces of smaller genera joined cyclically by nar- 
row flat cylinders. Thus, the conflguration represented schematically on the right 
picture in Figure [5] is admissible, while the conflguration on the left picture is not. 

Denote by "Hf (C) the subset of flat surfaces in the stratum T-L{mi, . . . , m„) having 
a maximal collection of narrow cylinders of width at most e forming a conflguration 
C. Here "maximal" means that the narrow cylinders in the configuration C do not 
make part of a larger configuration C . 
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Figure 2. Topological pictures for admissible (on the right) and 
non- admissible (on the left) configurations of cylinders. 

Contracting the waist curves of the cylinders completely and removing them we 
get a collection of disjoint closed flat surfaces of genera gi, . . . ,gq. By construction 
31 + • • • + ffg = .g — 1. Denote by 'H'^°™-p{(3'^) the ambient stratum (more precisely, 
its connected component) for the resulting flat surfaces. Denote by ?^J°™^(/3) the 
ambient stratum (more precisely, its connected component) for the initial surface. 
According to [EMZj the Siegel-Veech constant cc can be expressed as 



(2.17) cc = lim 



1 Vomf(C) 



5^£2 VolHr'"''(di,...,d„) 

= (explicit combinatorial factor) 



n-.iVoiHi(/3;) 



Thus, the Theorem above allows to compute the exact numerical values of Carea 
for all connected components of all strata (at least in small genera, where we know 
numerical values of volumes of connected components of the strata). The resulting 
explicit numerical values of the sums of Lyapunov exponents for all strata in low 
genera are presented in Appendix [X] 

By the results of A. Eskin and A. Okounkov |E0) . the volume of any connected 
component of any stratum of Abelian differentials is a rational multiple of tt^^. 
Thus, relations (|2.16p and (j2.17p imply rationality of the sum of Lyapunov expo- 
nents for any connected component of any stratum of Abelian differentials. 

3. Outline of proofs 

To simplify the exposition of the proof, we have isolated its most technical frag- 
ments. In the current section we present complete proofs of all statements of sec- 
tion [2l which are however, based on Theorems [SHS] stated below. These Theorems 
will be proved separately in corresponding sections [5]-|9l 

In section (Tn] we describe in more detail the Siegel-Veech constant Carea] in 
particular we explicitly evaluate it for arithmetic Teichmiiller discs, thus, proving 
Theorem g) 

In Appendix |X] we present the exact values of the sums of the Lyapunov ex- 
ponents and conjectural approximate values of individual Lyapunov exponents for 
connected components of the strata of Abelian differentials in small genera. In Ap- 
pendix [B] we present an alternative combinatorial approach to square-tiled surfaces 
and to the construction of the corresponding arithmetic Teichmiiller curves. We 
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apply it to discuss the non- varying phenomenon of their Siegel-Veech constants in 
the strata of small genera. 



3.1. Teichmiiller discs. We have seen in section [L2l that each "unit hyperboloid" 
Hi{mi, . . . , nin) and Qi(c?i, . . . , dn) is foliated by the orbits of the group SL(2, M) 
and PSL(2,]R) correspondingly. Recall that the quotient of these groups by the 
subgroups of rotations is canonically isomorphic to the hyperbolic plane: 

SL(2,M)/SO(2,R) ~ PSL(2,R)/PSO(2,M) ~ . 

Thus, the projectivizations P?^(mi, . . . , m„) and PQ(di, . . . , d„) are foliated by hy- 
perbolic discs H^. In other words, every SL(2, M)-orbit in H{mi, . . . , m„) descends 
to a commutative diagram 

SL(2,M) > •H(mi,...,m„) 



SL(2,M)/SO(2,R) ~ H2 > P-H(toi, . . . , m„) , 

and similarly, every PSL(2, R)-orbit in the stratum of quadratic differentials de- 
scends to a commutative diagram 

PSL(2,R) > Q(mi,...,m„) 



PSL(2,R)/PSO(2,R) > PQ(mi, . . . , m„) . 

The composition of each of the immersions 

C P-H(mi,...,m„) and C PQ(di, . . . , d„) 

with the projections to the moduli space of curves A4g defines an immersion C 
A4g. The latter immersion is an isometry for the hyperbolic metric of curvature 
— 1 on and the Teichmiiller metric on A4g. The images of hyperbolic planes 
in A4g are also called Teichmiiller discs. Following C. McMuUen one can consider 
them as ^^complex geodesics^^ in the Teichmiiller metric. The images of the diagonal 
subgroup in SL(2,R) are represented by geodesic hues in the hyperbolic plane; 
their projections to the Teichmiiller discs in A4g might be viewed as geodesies in 
the Teichmiiller metric. 

It would be convenient to consider throughout this paper the hyperbolic metric 
of constant curvature —4 on H^. Under this choice of the curvature, the parameter 
t of the one-parameter subgroup represented by the matrices 

corresponds to the natural parameter of geodesies on the hyperbolic plane H^. In 
the standard coordinate = x + iy on the upper half-plane model of the hyperbolic 
plane y > 0, the metric of constant curvature —4 has the form 

_ |dCP _ dx^- + dy^ 
^'^^ " 4WC " 4y2 • 
The Laplacian of this metric in coordinate = x + iy has the form 
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In the Poincare model of the hyperbohc plane, \w\ < 1, the hyperbolic metric of 
constant curvature —4 has the form 

_ \dw\^ 

9hyp — 2 
(1 - |w|2) 

In the next section we will also use polar coordinates w = re'^ in the Poincare 
model of the hyperbolic plane. Here 

(3.1) r^tanht, 

where t is the distance from the point to the origin in the metric of curvature —4. 
The coordinates t, 9 will be called hyperbolic polar coordinates. 




Figure 3. Space of fiat tori 



Example 3.1. The moduli space A^i of curves of genus one is isomorphic to the 
projectivized space of flat tori P'H(O); it is represented by a single Teichmiiller disc 

(3-2) S0(2,K)\^^(2'^)/SL(2,Z) = '^VsL(2,Z) 

(see Figure 131). 

Geometrically one can interpret the local coordinate ( on this Teichmiiller disc 
as follows. Consider a pair (C, w), where C is a Riemann surface of genus one, and 
w is a holomorphic one-form on it. By convention C is endowed with a marked 
point. Choose the shortest flat geodesic 71 passing through the marked point and 
the next after the shortest, 72, also passing through the marked point. Under an 
appropriate choice of orientation of the geodesies 71 and 72, they represent a pair 
of independent integer cycles such that 71 o 72 — 1. Consider the corresponding 
periods of uj, 




It is easy to see that the canonical coordinate ( on the modular surface <\'6.2\i can 
be represented in terms of the periods A and B as: 
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3.2. Lyapunov exponents and curvature of the determinant bundle. The 

following observation of M. Kontsevich, see [K], might be considered as the start- 
ing point of the entire construction. Consider a flat surface S in some stratum 
Hi(mi, . . . , m„) of Abelian differentials and consider a Teichmiiller disc passing 
through the projection of the "point" S to the corresponding projectivized stratum 
P'H(mi, . . . , m„). Recall that any Teichmiiller disc is endowed with a canonical hy- 
perbolic metric. Take a circle of a small radius s in the Teichmiiller disc centered at 
S. Consider a Lagrangian subspace of the fiber H^{S, M) of the Hodge bundle over 
S and a basis wi, . . . , in it. Apply a parallel transport of the vectors vi, . . . ,Vg to 
every point of the circle. The vectors do not change, but their Hodge norm does. 
Evaluate an average of the logarithm of the Hodge norm \\vi A • • • A Vg\\g^rgS over 
the circle and subtract the Hodge norm the Hodge norm \\vi A ■■■ A Vg\\s a,t the 
initial point. 

The starting observation in [K] claims that the result does not depend on the 
choice of the basis vi, . . . ,Vg, and not even on the Lagrangian subspace L but only 
on the initial point S. For the sake of completeness, we present here the arguments. 

We start with a convenient expression for the Hodge norm of a polyvector 
vi A ■ ■ ■ A Vg spanning a Lagrangian subspace in H^{S,M.). Note that the vector 
space H^{S,M.) is endowed with a canonical integer lattice H^{S,Z), which defines 
a canonical linear volume element on H^{S,R): the volume of the fundamental 
domain of the integer lattice with respect to this volume element is equal to one. 
In other words, we have a map 

n : A2fi7i(S',M) R/± 

given by 

n{X) = A(Cl, . . . ,C2g), 

where A G A'^s hT-(^s,R), and {ci, . . . ,C2g} is any Z-basis for Hi{S,Z). This map 
naturally extends to a linear map: 

n : A'^SH\S,C) ^ C/± . 

Let L = vi A ■ ■ ■ A Vg, where vectors vi, . . . ,Vg span a Lagrangian subspace in 

ffi(S',R). Let wi, . . . , form a basis in H^'"{S). We define 

(3.3) 

2 _ A • • • A A wi A • • • A LUg)\ ■ \i}{vi A ■ ■ ■ AVg Aloi A ■ ■ ■ A ujg)\ 

|f2(a;i A • • • A A wi A • • • A Wg)| 

For vectors vi,...,Vg spanning a Lagrangian subspace, the norm defined above 
coincides with the Hodge norm as in section [TT3l and is thus non-degenerate (see [H] 
where this important issue is clarified). Clearly this definition does not depend on 
a choice of the basis in H^''^{S). Note that 

n{uji A • • • A Wg A wi A • • • A uig) — det(cji, ujj) , 

where 

/ {UJl,UJl) ... (Wl,Wg) \ 

(3.4) {^^,^,)■■=\ 

V (^g:Wi) ... (a;g,a;g) / 

is the matrix of pairwise Hermitian scalar products of elements of the basis 

in H^'°{S). 
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Proposition 3.1. For any flat surface S, any L — vi A ...Vg, where the 

vectors vi,...Vg span a Lagrangian subspace of H^{S,R), and for any basis {tuk} 
of local holomorphic sections of the Hodge vector bundle H^'^ over the ambient 
stratum, the following identity holds: 

A Teic/i log 1 1 ill = Areicft, log I dei{LOi,ujj)\ 
where ATeich is the hyperbolic Laplacian along the Teichmiiller disc. 
Proof. Applying the hyperbolic Laplacian to the expression (j3.3p we get 

ATeichl0g\\L\\ = iATe,c/Jog||L|p = ]^(^ATetchlog\^{viA- ■ ■ AVgAuJiA- ■ ■ Aujg)\ + 

+ l\Tetchlog\Vl{vi A- ■ ■ Avg Au)i A- ■ ■ Au)g)\ - A^eic/i log | det(cji, Wj)|^ 

Note that vi,...,Vg do not change along the Teichmiiller disc, so the function 
VL{viA- ■ ■ AVgAuJiA- ■ ■ Aujg) is a holomorphic function of the deformation parameter, 
and A • • • A A cji A • • • A (Dg) is an antiholomorphic one. Hence both functions 
are harmonic. The Lemma is proved. □ 

Denote 

(3.5) A(S') := -iAT«c/.log|det(a;,,cjj)| , 

where Axeich is the hyperbolic Laplacian along the Teichmiiller disc in the metric 
of constant negative curvature —4. 

Remark. Note that one fourth of the hyperbolic Laplacian in curvature —4, as in 
definition (j3.5p . coincides with the plain hyperbolic Laplacian in curvature —1. 

The function A(S') is initially defined on the projectivized strata P'H(mi , . . . , m„) 
and PQ((ii, . . . Sometimes it would be convenient to pull it back to the cor- 

responding strata 'H{mi, . . . , m„) and Q(di, . . . , dn) by means of the natural pro- 
jection. As we already mentioned, A{S) does not depend on a choice of a basis of 
Abelian differentials. 

One can recognize in A(S') the curvature of the determinant line bundle A^_ff 
This relation is of crucial importance for us; it will be explored in sections 13. 3H3. 41 
and in section [3.71 

Remark. The function A(S') defined by equation (|3.5p coincides with the function 

= Ai(g) + --- + Ag(g) 

introduced in formula (5.9) in jFolj : see also an alternative geometric definition 
in |FMZ2| . In particular, it is proved in [Folj that A{S) is everywhere nonnegative. 

The next argument follows G. Forni [Folj ; see also the survey of R. Krikorian [Kr| . 
In the original paper of M. Kontsevich [K] an equivalent statement was formulated 
for connected components of the strata; it was proved by G. Forni [Fol| that it is 
valid for any regular invariant suborbifold. 

Following G. Forni we start with a formula from harmonic analysis (literally cor- 
responding to Lemma 3.1 in [Folj ). Consider the Poincare model of the hyperbolic 
plane of constant curvature —4; let t,6 be hyperbolic polar coordinates (|3.ip . 
Denote by Dt a disc of radius t in the hyperbolic metric, and by \Dt\ denote its 
area. 
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Lemma. For any smooth function L on the hyperbolic plane of constant curvature 
—4 one has the following identity: 

1 1 /■^'^ 1 If 

(3-6) L{t,0)de ^ -tmi\i{t)—— AxeichLdghyp 

To prove the key Background Theorem below we need a couple of preparatory 
statements. 

Lemma (Forni) . For any flat surface S in any stratum in any genus the derivative 
of the Hodge norm admits the following uniform bound: 

dlog\\c\\ 



max 

cG-f/^(S,R)such 
that ||c|| = l 



dt 



< 1 



and the function A(S') defined in (|3.5p satisfies: 
(3.7) \HS)\<g. 

Proof. The statement of the Lemma is an immediate corollary of variational for- 
mulas from Lemma 2.1' in jFolj : basically, it is proved in Corollary 2.2 in [Folj (in 
a stronger form). □ 

As an immediate Corollary we obtain the following universal bound: 

Corollary. For any fiat surface S in any stratum in any genus, the logarithmic 
derivative of the induced Hodge norm on the exterior power A^{H^{S,M.)) admits 
the following uniform bound: 

dlog\\L\\ 



(3.8) max " < 1 

LeA'>{H^{S,R)) dt 

Now everything is ready to prove the Proposition below, which is the starting 
point of the current work. 

Background Theorem (M. Kontsevich; G. Forni). Let Aii be any closed con- 
nected regular SLi{2,M.)-invariant suborbifold of some stratum of Abelian differen- 
tials in genus g. The top g Lyapunov exponents of the Hodge bundle over A4i 
along the Teichmuller flow satisfy the following relation: 



(3.9) Ai + --- + A<, = / A{S)diyi{S) . 

J Ml 

Let Ml be any closed connected regular PSL(2, M.) -invariant suborbifold of some 
stratum of meromorphic quadratic differentials with at most simple poles in genus 
g. The top g Lyapunov exponents of the Hodge bundle H^ over Mi along the 
Teichmuller flow satisfy the following relation: 

(3.10) \t + --- + \j=[ A{S)diyiiS) . 

J Ml 

Proof. We prove the first part of the statement; the proof of the second part is 
completely analogous. 

Consider the bundle Grg{Aii) of Lagrangian Grassmannians Grg{M.'^^) associated 
to the Hodge vector bundle H^ over A4i. A fiber of this bundle over a "point" 
S G Ml can be naturally identified with the set of of Lagrangian subspaces of 
iJi(5',M). 
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Note also that the sum of the top k Lyapunov exponents of a vector bundle is 
equal to the top Lyapunov exponent of its k-th exterior power. Denote by das the 
normalized Haar measure in the fiber of the Lagrangian Grassmannian bundle over 
a point S £ A4i. By the Osceledec multiplicative ergodic theorem for {vi x a)- 
almost all pairs {S,L) where S £ Mi, and L e Org {H^{S,R)) one has 

1 

t:;+"oo t 

Using the identity 



Ai + --- + Ag =^lim -logllLCgtS*)!! 



\og\\L{g,S)\\^ £ ^^\og\\LigtS)\\dt 



we average the right hand side of the above formula along the total space of the 

Grassmanian bundle obtaining the first equality below. Then we apply an extra 

averaging over the circle, and, using the uniform bound p.Sp we interchange the 

limit with the integral over the circle. Thus, we establish a further equality with 

the expression in the second line below. We apply Green formula p.6|) to the inner 

expression in the second line thus establishing an equality with the expression in 

the third line. Then we apply Proposition 13 . II to pass to the expression in line four 

below. We pass to the expression in line five applying definition p.Sp . (Note that 

tanh(i) . . tanh(t) . 

the fraction — ; — in line four gets transformed to — ; ; — in line five; the factor 2 

2\Dt\ ^ \Dt\ 

from the denominator of the first fraction is incorporated in A(S').) Finally, to pass 

to the left-hand side expression in the bottom line, we use the uniform bound p.7p 

to change the order of integration. The very last equality is an elementary property 

of tanh(f). As a result we obtain the following sequence of equalities: 



Ai + • • • + A 



9 



erg(All) 



1 f d 

rr^^^^ ^ / -i;^og\\L{gtS)\\dtdvidas = 

1™ ^ / ^ / -T:^og\\L{gtreS)\\d9 dtdvidas = 
^) T^+oo T Jq 2-k Jq dt 

lim 4/ -^"TTT / ^Teich\og\\L{gtrgS)\\dghyp dtdvidas 

~i-+oo 1 Jo Z\Ut\ 



T 



1 /"^ tanhm f 1 ^ , , , , 

^ oin I / ~:^^Te^chlog\det{uJ,,uJj)\dghyp dtdvi = 
= / ^lim 7^/ tanh(t) f ^^(5) dg^yp di^i 
= [ A{S)di^i-( lim -/ ta.nh{t) dt] = / A{S) di^i{S) 

J Ml \^T^+oo T Jq j J Ml 

The Proposition is proved. □ 

This result was developed by G. Forni in jFolj . In particular, he defined a 
collection of very interesting submanifolds, called determinant locus. The way in 
which the initial invariant suborbifold Mi intersects with the determinant locus 
is responsible for degeneration of the spectrum of Lyapunov exponents, see |Fol| . 
|Fo2j ■ [FMZlj . |FMZ2) . However, these beautiful geometric results of G. Forni are 
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beyond the scope of this paper, as well as further results of G. Forni jFol| . and of 
A. Avila and M. Viana |AvVij on simplicity of the spectrum of Lyapunov exponents 
for connected components of the strata of Abelian differentials. 

3.3. Sum of Lyapunov exponents for a Teichmiiller curve. For the sake of 
completeness we consider an application of formula p.9[) to Teichmiiller curves. 

Let C be a smooth possibly non-compact complex algebraic curve. We recall 
that a variation of real polarized Hodge structures of weight 1 on C is given by a 
real symplectic vector bundle £r with a flat connection V preserving the symplectic 
form, such that every fiber of £ carries a Hermitian structure compatible with the 
symplectic form, and such that the corresponding complex Lagrangian subbundle 
£^'^ of the complexification 5c = C is holomorphic. The variation is called 

tame if all eigenvalues of the monodromy around cusps lie on the unit circle, and 
the subbundle £^''^ is meromorphic at cusps. For example, the Hodge bundle of 
any algebraic family of smooth compact curves over C (or an orthogonal direct 
summand of it) is a tame variation. 

Similarly, a variation of complex polarized Hodge structures of weight 1 is given 
by a complex vector bundle £c of rank p + q (where p, q are nonnegative integers) 
endowed with a flat connection V, by a covariantly constant pseudo- Hermitian 
form of signature (p, q), and by a holomorphic subbundle £^''^ of rank p, such that 
the restriction of the form to it is strictly positive. The condition of tameness is 
completely parallel to the real case. 

Any real variation of rank 2r gives a complex one of signature (r, r) by the com- 
plexification. Conversely, one can associate with any complex variation (£c ,'S/,£^'^) 
of signature (p, q) a real variation of rank 2(p + q), whose underlying local system 
of real symplectic vector spaces is obtained from £c by forgetting the complex 
structure. 

Let us assume that the variation of complex polarized Hodge structures of weight 
1 has a unipotent monodromy around cusps. Then the bundle £^'^ admits a canon- 
ical extension f to the natural compactification C. It can be described as follows: 
consider first an extension £c of £c to C as a holomorphic vector bundle in such a 
way that the connection V will have only first order poles at cusps, and the residue 
operator at any cup is nilpotent (it is called the Deligne extension) . Then the holo- 
morphic subbundle £^''^ C £^ extends uniquely as a subbundle £^'^ C £^ to the 
cusps. 

Let (fiR, V,f ^^°) be a tame variation of polarized real Hodge structures of rank 
2r on a curve C with negative Euler characteristic. For example, C could be an 
unramified cover of a general arithmetic Teichmiiller curve, and £ could be a sub- 
bundle of the Hodge bundle which is simultaneously invariant under the Hodge star 
operator and under the monodromy. 

Using the canonical complete hyperbolic metric on C one can define the geodesic 
fiow on C and the corresponding Lyapunov exponents Ai > • • • > for the 
flat bundle (5k, V), satisfying the usual symmetry property X2r+i-i = —K, i = 
1 r 

The holomorphic vector bundle £^''^ carries a Hermitian form, hence its top 
exterior power A''(£^''') is a holomorphic line bundle also endowed with a Hermitian 
metric. Let us denote by Q the curvature (l,l)-form on C corresponding to this 
metric. Then we have the following general result: 
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Theorem. Under the above assumptions, the sum of the top r Lyapunov exponents 
of V with respect to the geodesic flow satisfies 

where we denote by Gq — the genus of C, and by sc — the number of hyperbolic 
cusps on C . 

Note that the genus Gc of the TeichmiiUer curve C has no relation to the genus 
g of the flat surface S. 

Formula p.lip was first formulated by M. Kontsevich (in a slightly different 
form) in ^ and then proved rigorously by G. Forni |Fol| . 

Proof. We prove the above formula for £h := H^; the proof in general situation is 
completely analogous. 

By formula p.9|) one has 



Ai + • • • + A, = ^ A{S)dMS) = A^J^^iS)dgnyp{S) , 

TT 

where Area(C) = —{2Gc — 2 + sc) is the area of C in the hyperbolic metric of 
curvature —4. 

Let C be the natural complex coordinate in the hyperbolic plane; let d — d/dC,. 
The latter integral can be expressed as 

A{S)dghyp{S) = ATeich^og\det{uj,,ujj)\dghyp{S) = 

If- i - 

= -- / 4a51og|det(a;„tJj)| -dCAdC = 

= ^^-2aaiog|det(cj„Wj)|^dCAdC = eiA^H^'^) 

where Q^A^ H^''^) is the curvature form of the determinant line bundle. Dividing 
the latter expression by the expression for the Area(C) found above we complete 
the proof. □ 

Note that a similar result holds also for complex tame variations of polarized 
Hodge structures. Namely, for a variation of signature {p, q) one has p+q Lyapunov 
exponents 

Ai > • • • > \+q ■ 

Let r := min(p, g). Then, it is easy to verify that we again have the symmetry 
Ap-|-g+i_i — i = + and that when p ^ q we have an additional 

relation A^+i — ■ ■ ■ = Ap+g_r = (see jFMZ3) ). The collection (with multiplicities) 
{Ai, . . . , Ar} will be called the non-negative part of the Lyapunov spectrum. We 
claim that the sum of non-negative exponents Ai + • ■ ■ + A,, is again given by the 
formula p. lip . 

The proof follows from the simple observation that one can pass from a complex 
variation to a real one by taking the underlying real local system. Both the sum 
of non-negative exponents and the integral of the curvature form are multiplied by 
two under this procedure. 
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The denominator in the above formula is equal to minus the Euler characteristic 
of C, i.e. to the area of C up to a universal factor 2tt. The numerator also admits 
an algebro-geometric interpretation for variations of real Hodge structures arising 
as direct summands of Hodge bundles for algebraic families of curves. Note that 
the form represents the first Chern class of £^'^. Let us assume that the 
monodromy of , V) around any cusp is unipotent (this can be achieved by passing 
to a finite unramified cover of C). Then one has the following identity (see e.g. 
Proposition 3.4 in [Pej ) : 

- / e = 2deg£^. 

Ti" Jc 

In general, without the assumption on unipotency, we obtain that the integral above 
is a rational number, which can be interpreted as an orbifold degree in the following 
way. Namely, consider an unramified Galois cover C — >■ C such that the puUback of 
(f, V) has a unipotent monodromy. Then the compactified curve C is a quotient of 
C by a finite group action, and hence is endowed with a natural orbifold structure. 
Moreover, the holomorphic Hodge bundle on C will descend to an orbifold bundle 
on C. Then the integral of -^Q over C is equal to the orbifold degree of this bundle. 

The choice of the orbifold structure on C is in a sense arbitrary, as we can choose 
the cover C' — > C in different ways. The resulting orbifold degree does not depend 
on this choice. The corresponding algebro-geometric formula for the denominator 
given as an orbifold degree, is due to I. Bouw and M. Moller in |BwM6) . 

In the next sections we compute the integral in the right-hand side of p.9|) . that 
is, we compute the average curvature of the determinant bundle. Our principal 
tool is the analytic Riemann-Roch Theorem (Theorem [5] below) combined with the 
study of the determinant of the Laplacian of a flat metric near the boundary of the 
moduli space. The next section is used to motivate Theorem [5l readers with a 
purely analytic background may wish to proceed directly to section 13.51 

3.4. Riemann— Roch Hirzebruch— Grothendieck Theorem. Let tt : C ^ B 

be a complex analytic family of smooth projective algebraic curves, endowed with n 
holomorphic sections si, . . . , s„, and multiplicities > 0. We assume that for any 
X ^ B points Si{x), i — 1, . . . ,n, in the fiber Cx ■— Tr^^{x) are pairwise distinct. 
Denote hy Di, i — 1 , . . . , n the irreducible divisor in C given by the image of Si . 
Moreover, we assume that a complex line bundle £ on _B is given, together with a 
holomorphic identification 

In plain terms it means that any nonzero vector / in the fiber Cx oi C at x Cz B 
gives a holomorphic one form ai on Cx with zeroes of multiplicities rrii at points 

Si{x). 

Let us apply the standard Riemann-Roch-Hirzebruch-Grothendieck theorem to 
the trivial line bundle £ :— Oc- 

ch{Rn^{£)) = {ch{£)td{Tc / b)) e i/™™(B;Q) 

and look at the term in H^{B; Q). The left-hand side is equal to 



Clin) , 
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where H is the holomorphic vector bundle on B with the fiber at x ^ B given by 

"Hx ■= r(Ca;, ^c^) , 

(that is the Hodge bundle H^'°.) The reason is that the class of i?7r*(C'c') in the 
K-gToup of B is represented by the difference 

[R\,iOc)] - [R'n,{Oc)] = [Ob] - [H*] 

Let us compute the right-hand side in the Riemann-Roch-Hirzebruch-Grothendieck 
formula. The Chern character oi £ := Oc is 

ch{£) = 1 e if™""(C;Q) . 

Therefore, the term in 

H\B-Q) 

is the direct image of the term in H'^{C; Q) of the Todd class Tq/b, that is 

1 



By our assumption, we have 

ci{Tc/b) = - (^7,*c,{C) + ^m4A]j . 
First of all, we have 

TT* (7r*(ci(£)))' = 7r*(l)-ci(£)2=0 
because 7r,(l) = 0. Also, divisors Di and Dj are disjoint for i ^ j. Hence, 

Mci{Tc/Bf) = 2^mi7r*(7r*ci(£) • [A]) + Y,^iM[Di] ■ [Di]) . 

i i 

Obviously, 

7r*(7r*ci(£) • [Di]) = ci{C) ■ 7r*([A]) = Ci(£) € H\B;q) 

because 7r*([A]) = 1- 
Also, 

7r*([A]-[A]) = s*(ci(iVcJ), 
where Nd^ is the normal line bundle to the A- If we identiiy with the base B 
by map s,, one can see easily that 

sKciiNn,)) = --^ci(£) e H'{B;q) 

'ff'i ~r -L 

The conclusion is that 

ci('H) = const ■ ci(£) 

where the constant is given by 

1 mi{mi + 2) 



1 v-^ / mf \ 1 \ - 

const = — > zrui = — > 



12 ^ V TOj + 1 y 12 ^ mi + 1 

The line bundle C is endowed with a natural Hermitian norm, for any 
B we define 

where a; e T{Cx,^\;J) is the holomorphic one form corresponding to I. 
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Hence, we have a canonical 2-form representing ci{C). Similarly, vector bundle 
H carries its own natural Hermitian metric coming form Hodge structure. It gives 
another canonical 2-form representing ci('H). Analytic Riemann-Roch theorem 
provides an explicit formula for a function, whose dd derivative gives the correc- 
tion. To formulate the analytic Riemann-Roch theorem we need to introduce the 
determinant of Laplace operator. 

3.5. Determinant of Laplace operator on a Riemann surface. A good ref- 
erence for this subsection is the book (So] . To define a determinant det Ag of the 
Laplace operator on a Riemann surface C endowed with a smooth Riemannian 
metric g one defines the following spectral zeta function: 

e 

where the sum is taken over nonzero eigenvalues of Ag. This sum converges for 
Re(s) > 1. The function C(s) might be analytically continued to s = and then 
one defines 

log det Ag :=-C'(0) 

The analytic continuation can be obtained from the following formula expressing 
C(s) in terms of the trace of the heat kernel. 



1 r°° 

^^'^^T(sjJo ^'"'Tr(exp(iAg)) di. 



and the well known short-time asymptotics of the trace of the heat kernel. 

Let gi and 52 be two nonsingular metrics in the same conformal class on a closed 
nonsingular Riemann surface C. Let the smooth function 20 be the logarithm of 
the conformal factor relating the metrics gi and g2'- 

52 = exp(2(/)) • gi . 



The theorem below, see [Plj . |P2] . relates the determinants of the two Laplace 
operators: 

Theorem (Polyakov Formula). 

(3.12) logdet Ag2 - logdet Agi = 

" - 2 J^(l)Kg,dgi^ + (^logAreag,(C)-logAreag,(C) 

3.6. Determinant of Laplacian in the flat metric. Consider a fiat surface S of 
area one in some stratum of Abelian or quadratic differentials. In a neighborhood 
of any nonsingular point of S we can choose a flat coordinate z such that the 
corresponding quadratic differential q (which is equal to when we work with an 
Abelian differential ut) has the form 

q = {dzf. 

A conical singularity P of order d of 5 has the cone angle (d-|-2)7r. One can choose 
a local coordinate w in a neighborhood of P such that the quadratic differential q 
has the form 

(3.13) q^w'^ {dwf . 
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in this coordinate. The corresponding flat metric gfiat has the form in a 

neighborhood of a nonsingular point and 

(3.14) gflat{w,w)^\w\''\dw\^ . 

in a neighborhood of a conical singularity. 

Let e > 0, and suppose that gflat is such, that the flat distance between any 
two conical singularities is at least 2s. We define a smoothed flat metric gflat. e 
as follows. It coincides with the flat metric \q\ outside of the e-neighborhood of 
conical singularities. In an e-neighborhood of a conical singularity it is represented 
as gflat.e = Pflat.e{\w\) \dw\'^ whcrc the local coordinate w is defined in (|3.13p . We 
choose a smooth function pflat,e{f) so that it satisfies the following conditions: 

const flat,e <r < e 

and on the interval e' < r < s the function p/jat,e(^) is monotone and has monotone 
derivative. 



Figure 4. Function pflat.eif) corresponding to a zero of a mero- 
morphic quadratic differential on the left and to a simple pole — 
on the right. 

It is convenient for us do obtain the function pflat,e{''') in the definition of gflat,e 
from a continuous function which is constant on the interval [0, e] and coincides 
with r'^ for r > e. This continuous function is not smooth for r = e, so we smooth 
out this "corner" in an arbitrary small interval ]e',e[ by an appropriate convex or 
concave function depending on the sign of the integer d, see Figure 21 

Denote by 5* a flat surface of area one defined by an Abelian differential or by a 
meromorphic quadratic differential with at most simple poles. Denote by Sq some 
fixed flat surface in the same stratum. 

Definition 2. We define the relative determinant of a Laplace operator as 
(3.16) det AfladS, 5o) := lim 

e^O det Aflat,eiSo) 

where A flat, e is the Laplace operator of the metric gflat.e- 

Note that numerator and denominator in the above formula diverge as e — ^ 0. 
However, we claim that for sufficiently small e the ratio, in fact, does not depend 
neither on e nor the exact form of the function pflat.e- Indeed, suppose £i < £2. 
Then by the Polyakov formula. 
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det Aflat^eAS) _ det Aflat,e^ (S) 



1 

12^ 



' det Aflat,E2 (So) det A^<jf,ei (^o) 

_ detAflat^e2iS) det Aflgt^eg ('S'o) _ 

~ det A flat, e^iS) det Aflat,eASo) 

/ (I^S Aflat,ei<l^sdgflat.ei " 2 / (j^S K flat, ei dg flat.. ei 
JS JS 

log Areag^^^^^ (C) - log Area^^^,^^ (C)) - 

•So Aflat,Ei4>Sodgflat,Ei ^ ^ / 4>Sq K flat,ei dgflat,ei 
So J So 

- ( log Areag^^,^^ (Cq) - log Area^^^,^^ (Co) 



1 

12^ 



Note that the metrics gflat,e2 and gflat,ei on C differ only on e2-neighborhoods of 
conical points. Similarly, the metrics gflat,£2 and gflat,£i on Co differ only on £2- 
neighborhoods of conical points; in particular the conformal factors are supported 
on this neighborhoods. Since these neighborhoods are isometric by our construction 
the above difference is equal to zero. 

Thus, det A^at(*S', 5'o) is well-defined on the entire stratum. 

Remark 3.1. It is clear from the definition that logdet A^at(S', Sq) depends on the 
choice of Sq only via an additive constant. 

Remark. One can apply various approaches to regularize the determinant of the 
Laplacian of a flat metric with conical singularities, see, for example, the approach 
of A. Kokotov and D. Korotkin, who use Friedrichs extension in jKkKt2| . or the 
approach of A. Kokotov [Kk2] . who works with more general metrics with conical 
singularities. All these various approaches lead to essentially equivalent definitions, 
and to the same definition for the "relative determinant" det A^at(S', So)- 

3.7. Analytic Riemann— Roch Theorem. The Analytic Riemann-Roch Theo- 
rem was developed by numerous authors in different context. To give a very partial 
credit we would like to cite the papers of A. Belavin and V. Knizhnik [BeKnj . of 
J.-M. Bismut and J.-B. Bost [Bi5o) of J.-M. Bismut, H. Gillet and C. Soule (BGST] . 
|BGS2) . [BGSaj . of D. Quillen |Q], of L. Takhtadzhyan and P. Zograf [TZg] , and 
references in these papers. 

The results obtained in the recent paper of A. Kokotov and D. Korotkin |KkKt2] 
are especially close to Theorem [5] (see section [5^ below) . 

Theorem 5. For any flat surface S in any stratum 'Hi(mi, . . . ,m„) of Abelian 
differentials the following formula holds: 



1 mj{mj + 2) 

(3.17) A Tetch ^og\ det {uji,ujj)\ = A Teid Jog det A flat{S, Sq) - - } --; — , 

j=i J 

where mi -!-•••+ rrin = 2g — 2. Here Areich is taken with respect to the canonical 
hyperbolic metric of curvature —4 on the Teichmiiller disc passing through S. (Note 
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that the right-hand- side of jS.lT^ is independent of the choice of So in view of 
Remark\3Ji) 

For any flat surface S in any stratum . . . of meromorphic quadratic 

differentials with at most simple poles the following formula holds: 

1 d ' i^d ' 4) 

(3.18) Ayeic/i log I det(cji, = Areich log det AflatiS, So) ~ 'I ' , : 

where di + • • • + d„ = 4(7 — 4. 

Theorem [5] is proved in section [Sj 

Consider two basic examples illustrating Theorem [SJ 

Example 3.2 (Flat torus). Consider the canonical coordinate ^ x + iy in the 
fundamental domain, ImC > 0, |C| > 1, —1/2 < ReC < 1/2, of the upper half-plane 
parametrizing the space of flat tori. This coordinate was introduced in Example 13. II 
in the end of section l3Tl 

There are no conical singularities on a flat torus, so the definition of the deter- 
minant of Laplacian does not require a regularization. For a torus of unit area, one 
has: 

detA^„t=4Im(C)|rKC)l\ 

here rj is the Dedekind 77-function, see, for example, |RS[ §4], |OPSj . page 205, or 
formula (1.3) in |McITj . Since rj is holomorphic, 

Areich log Aflat = Areich log I Im CI = ATeich log y ■ 

On the other hand, as a holomorphic section uj{C) we can choose the Abelian 
differential with periods 1 and (■ Then det(aj,;, Wj) | = H'^H^ = Area = ImC. Thus, 
the equality p.l7p holds. 

For the sake of completeness let us also verify explicitly the key formula (|3.9p . 
There is only one Lyapunov exponent in the torus case, namely Ai, and we know 
its value from general arguments, Ai = 1. 

Evaluating the integral p.9p and using the fact that the hyperbolic area of the 
fundamental domain fl in the hyperbolic metric of constant curvature —4 satisfies 



1 TT 

4 ' 3 

we get 



Areag,^^(17) 



A{S)di^i{S) = I ATeich'^ogdet\{LL>i,LL>j)\diyi{S) 



Ml '^JM 



4Areag,„^(f7)7s^ 



- , - . , d^\. \dxdy\ 

— -l-Hl^ + l^]^ogy 



4 3 

as expected. 



dx"^ dy^ J Ay 



Example 3.3 [Flat sphere with four cone points). According to a result A. Kokotov 
and D. Korotkin |KkKt3) . the determinant of the Laplacian for the flat metric 
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defined by a quadratic differential with four simple poles and no other singularities 
on CP^ one has the form 



detAH=con.t.'^-(-^^)H,-^(^/-^)' 

1^1 



2 



where A and B are the periods of the covering torus (see the last pages of |KkKt3j ). 
Here, the determinant det A' ''I of Laplacian corresponding to the flat metric \q\ 
defined in [KkKt3| differs from det A''' (5, So) only by a multiplicative constant. 
Note that 

/ AAR\ 

Im{AB) = Im ( — ^ j = \A\^ Im(B/A) = -\A\^ lm{B/A) 

Thus, 

detAl«l ^ const -lA] -llmiB/A)] ■ \r]{B/A)\^ . 

One should not be misguided by the fact that under the normalization A := 1 one 
gets Areicftl^l = along a holomorphic deformation. Recall that in our setting 
we have to normalize the area of the flat sphere to one! Doing so for the double- 
covering torus with A = 1 and B = C. = x + iy we rescale A to A = 1/ and 
B ^ ^/y, which implies that for the sphere of unit area we get 

(3.19) det AI"?! = const ■ y^^/^ . y . \t^(B/A)\^ , 



so 



I I 1 

Areicftlogdet Ai'" = - logy. 



Comparing to the integral above, we get 

1 I I 1 

--ATeic/ilogdct Ai"" = -. 
Ml ^ ^ 

On the other hand, for four simple poles one has 

1 A (-l)(-l+4) _ 1 
24^ -1 + 2 2' 

and integrating p.lSp we get zeros on both sides, as expected. 

3.8. Hyperbolic metric with cusps. A conformal class of a flat metric \q\ con- 
tains a canonical hyperbolic metric of any given constant curvature with cusps 
exactly at the singularities of the flat metric. (In the case, when q — uP' ^ where 
w € 'H(O) is a holomorphic Abelian differential on a torus, we mark a point on the 
torus.) In an appropriate holomorphic coordinate C in a neighborhood of a conical 
singularity P of such canonical hyperbolic metric ghy^ of curvature — 1 has the form 

(3.20) 9Ky,{U)- 



ICPVICI 

Similarly to the smoothed flat metric we define a smoothed hyperbolic metric 
ghyp.s- It coincides with the hyperbolic metric gy^yp outside of a neighborhood of 
singularities. In a small neighborhood of a singularity it is represented as ghyp,s = 
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Phyp,s i\C\) I^CP where the local coordmate is as m p.20p . We choose a smooth 
function phyp,s{s) so that it satisfies the following conditions: 



(3.21) Phyp,sis) = 



_ Js"^log s>S 



I consthyp^s Q < s < 5' 



and on the interval 5' < s < 5 the function phyp.s{s) is monotone and has monotone 
derivative. We can assume that 5' is extremely close to 5 and that consthyp^s is 
extremely close to S~^\og~^{S), see Figure S) 

Suppose that S and Sq are two surfaces in the same stratum. 

Definition 3 ( Jorgenson-Lundelius) . Define relative determinant of a Laplace op- 
erator in the hyperbolic metric as 

detAg (,5,5oj -7—T TFT ' 

det Ahyp,s(OQ) 

where Ahyp^siS) and Ahyp^siSg) are Laplace operators of the metric ghyp,5 on S 
and 5*0 correspondingly. 

As in section section [?751 we can see that det Ag^^^ {S, Sq) does not depend either 
on S or on the exact choice of the function phyp.s{s). 

Strategy. Now we can formulate our strategy for the rest of the proof. By for- 
mula p.9p , to compute the sum of the Lyapunov exponents we need to evaluate the 
integral oi Axeich log | det (w^ , ) | over the corresponding SL(2, ]R)-invariant suborb- 
ifold. Using the analytic Riemann-Roch Theorem this is equivalent to evaluation 
of the integral of A Teicft, log det Ayjat(S', S'o), see equations (j3.17|) and (|3.18p . Us- 
ing Polyakov formula we compare logdei A flat[S, Sq) with log det Ag^^^ (S*, 6*0) and 
show that when the underlying Riemann surface S is close to the boundary of the 
moduli space, there is no much difference between them. 

The determinant of Laplacian in the hyperbolic metric was thoroughly stud- 
ied, see, for example, papers of B. Osgood, R. Phillips, and P. Sarnak [OPSj . of 
S. Wolpert |W1| . of J. Jorgenson and R. Lundelius |JL] . |Lu) . In particular, there 
is a very expficit asymptotic formula for log det Ag^^^ {S, Sq) due to S. Wolpert |W1| 
and to R. Lundelius |Lu) . Using these formulas and performing an appropriate 
cutoff near the boundary, we evaluate the integral of Axeich log det Aflat {S, Sq). 

3.9. Relating fiat and iiyperbolic Laplacians by means of Polyaicov for- 
mula. Consider a function / on a flat surface S and a function /q on a fixed flat 
surface Sq in the same stratum as S. Assume that the functions are nonsingular 
outside of conical singularities of the fiat metrics. By convention the surfaces belong 
to the same stratum. We assume that the conical singularities are named, so there 
is a canonical bijection between conical singularities of S and Sq. By construction, 
small neighborhoods of corresponding conical singularities are isometric in the cor- 
responding hyperbolic metrics with cusps defined by p.20|) . The isometry is unique 
up to a rotation. 

Suppose that we can represent / and /o in a neighborhood 0{R) of each cusp as 

f{r,9)=g{r) + h{r,9) 
fo{r,e)^g{r) + hQ{r,e) 
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where g{r) is rotationally symmetric and h and ho are already integrable with 
respect to the hyperbohc metric of the cusp. We define 



(3.22) ( / fdghyp- / fodghyp 

'S JSa 

f dghyp - / /o dghyp + / if ~ fo) 

S-UOjiR) JSo-UOj{R) J JOjiR) 

Clearly, this definition does not depend on the cutofi^ parameter R. 

Recall that gflat and guyp belong to the same conformal class. Denote by (p 
(correspondingly ^o) the following function on the surface S (correspondingly Sq): 

gflat = exp{2(l))ghyp . 

Theorem 6. For any pair S, So of flat surfaces of the same area in any stratum of 
Abelian differentials or of meromorphic quadratic differentials with at most simple 
poles one has 

(3.23) log det AflatiS, So) - log det Ag„^^ {S, So) = 

_ 1 
~ 12^ 



dghyp — / 00 dghyp 

So 



6 ^ 

3 



log 



dw 



(P^.s) 



- log 



dwo 
~d^ 



iPj,So) 



where ^ is as in I13.20\) . and w and wq are as in Ii3.13\) for S and So respectively. 

Theorem |6] is a corollary of Polyakov formula; it is proved in section [6l 

3.10. Comparison of relative determinants of Laplace operators near the 
boundary of the moduli space. In section [7] we estimate the integral in for- 
mula (j3.23p from Theorem |6] and prove the following statement. 

Theorem 7. Consider two flat surfaces S, Sq of area one in the same stratum. Let 
iflat{S), £flat{So) be the lengths of shortest saddle connections on flat surface S and 
Sq correspondingly. Assume that £flat{So) > lo. Then 

(3.24) |logdetA^,K^,5'o)-logdetA<,,^^(5,5o)| < 

< consti{g,n) ■ | log^/jQt(S')| + consto{g,n,lo) 

with constants consto{g,n,l), consti{g,n) depending only on the genus of S, on the 
number n of conical singularities of the flat metric on S and on the bound lo for 

iflatiSo). 

In fact we prove a much more accurate statement in Theorem lll[ which gives 
the exact difference between the flat and hyperbolic determinants up to an error 
which is bounded in terms only of 5*0, g and n. The optimal constant ci{g,n) in 
p.24|) can also be deduced easily from Theorem [TT] 

Establishing a convention confining the choice of the auxiliary flat surface S'o to 
some reasonable predefined compact subset of the stratum one can make consto 
independent of Iq. For example, the subset of those S'o for which iflat{So) > 
Xj \J1g — 2 + n is nonempty for any connected component of any stratum. As an 
alternative one can impose a lower bound on the shortest hyperbolic geodesic on 
the Riemann surface underlying S'o in terms of g and n. 
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We prove Theorem [7] applying the foUowing scheme. To evaluate the integral in 
formula p.23p we use a thick-thin decomposition of the surface S determined by the 
hyperbolic metric. Then, using Theorem llOl (Geometric Compactification Theorem) 
we obtain a desired estimate for the thick part. We then use the maximum principle 
and some simple calculations to obtain the desired estimates for the integral on the 
thin part. 

3.11. Determinant of Laplacian near the boundary of the moduli space. 

Consider a holoniorphic 1-forni w (or a meromorphic differential q with at most 
simple poles) on a closed Riemann surface of genus g. Consider the corresponding 
flat surface S = S{uj) (correspondingly S{q)). Assume that u (correspondingly q) 
is normalized in such way that the flat area of S is equal to one. 

Every regular closed geodesic on a flat surface belongs to a family of parallel 
closed geodesies of equal length. Such family fills a maximal cylinder with conical 
points of the metric on each of the two boundary components. Denote by hj and Wj 
a height and a width correspondingly of such a maximal cylinder. (By convention 
a "width" of a cylinder is a length of its waist curve, which by assumption is a 
closed geodesic in the flat metric.) By a modulus of the flat cylinder we call the 
ratio hj/wj. 

Theorem 8. For any stratum 'Hi{mi, . . . , m„) of Abelian differentials and for any 
stratum Qi(di, . . . , dn) of meromorphic quadratic differentials with at most simple 
poles there exist a constant M ~ M{g, n) ^ 1 depending only on the genus g and 
on the number n of zeroes and simple poles, such that for any pair S, Sq of flat 
surfaces of unit area in the corresponding stratum one has 



where £flat{S) is the length of the shortest saddle connection on the flat surfaces S 
and hr,Wr denote heights and widths of maximal flat cylinders of modulus at least 
M on the fiat surface S . Here 



with Ci{g, n), 6*0(5, "-i •S'o) depending only on the genus g, on the number n of conical 
singularities of the base flat surface Sq . 

Choice of the constants. Similarly to the way suggested in the discussion fol- 
lowing Theorem [71 establishing a reasonable convention on the choice of Sq one can 
get rid of dependence of the constants on the base surface Sq. 

Remark. It is a well known fact, see e.g. [11m Proposition 3.3.7] that a flat cylinder 
of sufficiently large modulus necessarily contains a short hyperbolic geodesic for 
the underlying hyperbolic metric. The number of short hyperbolic geodesies on a 
surface is bounded by 3g — 3 + n. Thus, for sufficiently large M depending only on 
g and n, the number of summands in expression p.25p is uniformly bounded. 

Example 3.4 (Flat torus). In notations of Example 13.21 from the previous section, 
one has the following expression for the determinant of the Laplacian in a fiat metric 
on a torus of area one: 



(3.25) 




cylinders with 
hr/wr>M 





0{\ogiflat{S)) < Ci{g,n) ■ \log£flat{S)\ + Co{g,n, So) 



detA^,t(C)=4Im(C)|77(C)r 
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see, for example, |OPSj . page 205, or formula (1.3) in |McITj . Taking the logarithm 
of the above formula and using the asymptotic of the Dedekind 77-function for large 
values of Im ^ we get 



Note that h/w does not depend on the rescaling of the torus, and h/w ^ Im^. 
Thus, we get the asymptotics promised by relation p.25p of Theorem [5] 

Example 3.5 {Flat sphere with four cone points). In Example 13 . 31 from the previous 
section we considered the determinant of the Laplacian in a flat metric on CP^ 
defined by a quadratic differential with four simple poles and with no other singu- 
larities; see the last pages of jKkKt3| for details. This expression p.l9p implies the 
following asymptotics for large values of Im ^ (we keep notations of Example 13. 3p : 



which is one half of the torus case. Indeed, the height h of the single flat cylinder of 
the covering torus is twice bigger then the height of the single flat cylinder on the 
underlying flat sphere, while the width w of the cylinder on the torus is the same 
as the width of the one on the flat sphere. Thus, we again get the asymptotics 
promised by relation p.25p of Theorem [51 

Theorem |8] is proved in section |8l Our strategy is to derive the result from an 
analogous estimate by Lundelius and Jorgenson — Lundelius for a hyperbolic metric 
punctured at the zeroes of w (correspondingly, q) and then apply the estimate p.25p 
from Theorem [51 

3.12. The contribution of the boundary of moduli space. A regular invariant 
suborbifold A^i is never compact, so one should not expect that the integral of 
A Teich log det A/jat ovcr Ml would be zero. Indeed, 

Theorem 9. Let Mi be a regular invariant suborbifold of flat surfaces of area 
one in a stratum of Abelian differentials (correspondingly in a stratum of quadratic 
differentials with at most simple poles). Let vi be the associated finite SL(2,R)- 
invariant (correspondingly PSL(2,M.) -invariant) density measure. Let Carea(Mi) := 
Careai^i) ^6 the Corresponding Siegel-Veech constant. Then 



Theorem [HI is proved in section [SI 

Remark 3.2. After integrating by parts, the left side of p.26p can be written as 
an integral over a neighborhood of the boundary of the moduli space, which in 
view of (j3.25p is dominated by a sum over all cylinders of large modulus. Also 
the Siegel-Veech constant Carea{Mi) measures the contribution of (certain kinds) 
of cylinders of large modulus; this gives a heuristic explanation of (|3.26p . However, 
for the precise proof of (|3.26p in SjQlwe need the assumptions of §1.51 (so we can e.g. 
justify the integration by parts). 



logdet A^ot - 41og|7y(C)| ^ImC when ImC ^ -l-oo . 



logdet A''^' ^ 2 log |77(C)| , when Im^— >+oo. 



(3.26) 




{Ml) 



The main Theorems now become elementary corollaries of the above statements. 
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Proof of Theorem]^ Suppose that jMi is a regular suborbifold of a stratum of 
Abelian differentials. Apply equation p.9p from the Background Theorem to 
express the sum of the Lyapunov exponents as the integral of A(S') defined by 
relation (|3.5I) . Use equation (|3.17l) from Theorem [5] to rewrite the integral of 
ATeic/i log I det(tJi,a;j) I in term s of the integral of ATeic/i logdet A/jat(S', S'o). Fi- 
nally, apply the relation p.26|) from Theorem [9] to express the latter integral in 
terms of the corresponding Siegel-Veech constant. □ 

Proof of part (a) of Theorem\^ The proof of part (a) of Theorem [5] is completely 
analogous to the proof of Theorem [T] with the only difference that one uses expres- 
sion (|3.18|) from Theorem [5] instead of equation (|3.17|) . □ 

4. Geometric Compactification Theorem 

In section [4.11 we present the results of K. Rafi on comparison of flat and hy- 
perbolic metrics near the boundary of the moduli space. Using the notions of a 
thick-thin decomposition and of a size (in the sense of Rafi) of a thick part we for- 
mulate and prove in section 14.31 a version of the Deligne-Mumford-Grothendieck 
Compactification Theorem in geometric terms. The proof is an elementary corol- 
lary of nontrivial results of K. Rafi. The Geometric Compactification Theorem is 
an important ingredient of the proof of Theorem [8] postponed to section [8l 

4.1. Comparison of flat and hyperbolic geometry (after K. Rafi). We start 
with an outline of results of K. Rafi [R2' on the comparison of fiat and hyperbolic 
metrics when the Riemann surface underlying the fiat surface S is close to the 
boundary of the moduli space. 

Throughout section |4] we consider a larger class of flat metrics, namely, we con- 
sider a flat metric defined by a meromorphic quadratic differential q which might 
have poles of any order. In particular, the fiat area of the surface might be infinite. 
Unless it is stated explicitly, it is irrelevant whether or not the quadratic differential 
g is a global square of a meromorphic 1-form. 

In section[4]we mostly consider the fiat surface S and its subsurfaces Y punctured 
at all singular points of the flat metric (or, in other words at all zeroes and poles 
of the corresponding meromorphic quadratic differential q). Sometimes, to stress 
that the surface is punctured we denote it by S and Y correspondingly. 

Following K. Raff, by a "curve" we always mean a non-trivial non-peripheral 
piecewise-smooth simple closed curve. Any curve a in S, has a geodesic represen- 
tative in the flat metric. This representative is unique except for the case when it 
is one of the continuous family of closed geodesies in a fiat cylinder. We denote the 
flat length of the geodesic representative of a by I flat [a] ■ 

A saddle connection is a geodesic segment in the flat metric joining a pair of 
conical singularities or a conical singularity to itself without any singularities in 
its interior. A geodesic representative of any curve on S" is a closed broken line 
composed from a finite number of saddle connections. 

Considering the punctured flat surface S, formally we have to speak about the 
infimum of a flat length over essential (non-peripheral) curves in a free homotopy 
class of a given curve. However, even in the case of the punctured flat surfaces' it is 
convenient to consider limiting closed geodesic broken lines, where segments of the 
broken line are saddle connections joining zeroes and simple poles of the quadratic 
differential. For example, for a closed curve a encircling a short saddle connection 




Figure 5. As a geodesic representative of a closed curve a en- 
circling a short saddle connection 7 we get a closed broken line 
composed from two copies of 7. 



7, one has ?/jat[a] = 2|7| and the corresponding closed broken line is composed from 
two copies of 7, see Figure [5] Following the discussion in iRl^ , we can ignore this 
difficulty and treat these special geodesies as we would treat any other geodesic. 

Under this convention every curve a in the punctured surface S has a geodesic 
representative in the flat metric, and this representative is unique except for the 
case when it is one of the continuous family of closed geodesies in a flat cylinder. 
We call such a representative a g- geodesic representative of 7. 

Let 

9hyp be the hyperbolic metric with cusps at all singularities of S in the con- 
formal class of the flat metric on S. We deflne l^y^ \a\ to be the shortest hyperbolic 
length of a curve in a free homotopy class of a on the corresponding punctured 
surface S or on its appropriate subsurface Y . 

Let (5 ^ 1 be a fixed constant; let V(S) be the set of simple closed geodesies of 
Qhyp in S whose hyperbolic length is less than or equal to 8. A 6 -thick component 
of Qhyp is a connected component Y of the complement S — r((5). 

Assume that S is sufficiently small (here the measure of "sufficiently small" de- 
pends only on the genus and on the number of punctures of the surface). We now 
cut the surface S along all the g-geodesic representatives of all the short curves in 
T{S). More precisely, if 7 G r{S) has a unique g-geodesic representative, we cut 
along that representative; otherwise 7 is represented by a closed geodesic in a flat 
cylinder Fj, in which case we cut along both curves at the ends of Fj (and thus 
remove the cylinder F^ from the surface) . After this procedure the surface S breaks 
up into the following pieces: 

• For each 7 G T{S) whose g-geodesic representative is part of a continuous 
family of closed geodesies in a cylinder, we get the corresponding cylinder. 

• For each i5-thick component y of S" — T{S) we get a subsurface Y C S with 
boundaries which are geodesic in the flat metric defined by q. Following 
K. Rafi, we call such a flat surface with boundary Y a q-representative of Y 
(see an example at Figure O. Note that Y always has flnite area; in some 
particular cases it might degenerate to a graph. In that case, we should 
think of Y as a ribbon graph (which, as all ribbon graphs, uniquely deflnes 
a surface with boundary). With that caveat, we can say that Y is in the 
same homotopy class as Y. We note that Y is the smallest representative 
of the homotopy class of Y with g-geodesic boundaries. 
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Figure 6. Schematic picture of thick components of the underly- 
ing hyperbohc metric (on the left) and their g-representatives (on 
the right). The g-representative Y2 degenerate to a pair of sad- 
dle connections. Each of the (/-representatives Y3,Y4 of the cor- 
responding pair of pants degenerate to a single saddle connection 
joining a zero to itself. 

A very expressive example of ^-representatives is presented at the very end of 
the original paper |R2] of K. Rafi. 

We shall also need the notion of a curvature of a boundary curve of a subsurface 
Y introduced in |R2] . Let 7 be a boundary component of Y. The curvature nyij) 
of 7 in the flat metric on S is well defined as a measure with atoms at the corners. 

We choose the sign of the curvature to be positive when the acceleration vector 
points into y. If a curve is curved non- negatively (or non-positively) with respect 
to Y at every point, we say that it is monotonically curved with respect to Y. Let 
A be an annulus in S with boundaries 70 and 71. Suppose that both boundaries 
are monotonically curved with respect to A and that ^^(70) < 0. Further, suppose 
that the boundaries are equidistant from each other, and the interior of A con- 
tains no zeroes or poles. We call A a primitive annulus and write ka ■— —^^(70)- 
When KA =0, A is called a flat cylinder, in this case it is foliated by closed Eu- 
clidean geodesies homotopic to the boundaries. Otherwise, A is called an expanding 
annulus. See |Mi] for more details. 

Definition 4 (K. Rafi). Define the flat size \{Y) of a subsurface Y different from 
a pair of pants to be the shortest flat length of an essential (non-peripheral) curve 
in Y. 

When F is a pair of pants (that is, when Y has genus and 3 boundary compo- 
nents), there are no essential curves in Y . In this case, define the flat size of Y as 
the maximal fiat length of the three boundary components of Y. 

We will often use the notation A(Y) to denote X(Y). 

Theorem (K. Rafi). For every 5-thick component Y of S and for every essential 
curve a in Y , the flat length of a is equal to the size of Y times the hyperbolic 
length of a up to a multiplicative constant C{g,n,S) depending only on S and the 
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topology of S: 

X{Y) 



■ hypio] < lflat[a] < C{g,n,d)X{Y) ■ hyp 



a 



C{g,n, 5) 

Also, the diameter ofY in the flat metric is bounded by C{g,n,S)X{Y). 

One possible heuristic explanation of this theorem is as follows (see also Theo- 
remfTOland Remark l4?T] below). On compact subsets of the moduli space the flat and 
hyperbolic metrics are comparable (by a compactness argument), and so the theo- 
rem trivially holds. Thus assume that we have a sequence of surfaces St — {Ct, Qt) 
tending to infinity in moduli space. By the Deligne-Mumford theorem, we may as- 
sume that the Riemann surfaces Cr tend to a noded surface Coo ■ Then, the 5-thick 
subsurfaces Ytj of Cr converge to the components of C^oj of Coo- We may also 
assume after passing to a subsequence that the quadratic differentials qr tend to a 
(meromorphic) quadratic differential on Coo • (If the original quadratic differentials 
Qt are holomorphic, the limit quadratic differential will be holomorphic away from 
the nodes of Coo, but may develop poles at the nodes.) However, qr may tend to 
zero on some component Coo,j of Coo, i-e. it may be very small on the subsurfaces 
Yrj. But, with the proper choice of rescaling factors Xrj € M"*", we can make sure 
that the sequence of quadratic differentials Xr.jqr tends to a bounded and non-zero 
limit on Cooj - This limit is a meromorphic quadratic differential with poles, and 
number and the degrees of the poles can be bounded in terms of only the topol- 
ogy. The set of all such differentials is a finite dimensional vector space, and so, 
as all such vector spaces, is projectively compact. Thus, after the rescaling, the 
restriction to Yrj is again in a situation where the moduli space is compact, and 
thus (up to the rescaling factor) the flat metric coming from q is comparable to the 
hyperbolic metric. 

The strength of the above theorem of K. Rafi (which is proved by completely dif- 
ferent methods) is to justify the above discussion, and also to identify the rescaling 
factor Xr.j with X{Yr,j)^'^, where X{Yr,j) is the size of Yrj which can be detected by 
measuring the flat lengths of saddle connections in the (g-geodesic representative 
of) the (5-thick subsurface Yrj. 

We complete this section by the following elementary Lemma which will be used 
in section [T] 

Lemma 4.1. The size of any thick component of a flat surface S is bounded from 
below by the length £flat{S) of the shortest saddle connection on S: 

XiY) > iflatiS) . 

Proof. We consider separately the situation when Y is different from a pair of pants, 
and when y is a pair of pants. 

If Y is not a pair of pants, X{Y) is the shortest flat length of an essential (non- 
peripheral) curve 7 in Y. This shortest length is realized by a flat geodesic repre- 
sentative of 7, that is by a broken line composed from saddle connections (possibly 
a single saddle connection). This implies the statement of the Lemma. 

Implicitly the statement for the pair of pants is contained in the paper of K. Rafi. 
According to |R2j the size of any pair of pants is strictly positive. Hence, the 
corresponding boundary component has a geodesic representative composed from 
saddle connections and the statement follows. A direct proof can be easily obtained 
from the explicit description of possible "pairs of flat pants" in the next section. □ 
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4.2. Flat pairs of pants. In this section we describe the flat metric on CP defined 
by a meromorphic quadratic differential from Q((ii, (i2, da), where di+d2 + d3 = —4. 
In particular, we consider the size of the corresponding flat surface. 




a. b. c. 



Figure 7. Different types of flat pairs of pants. 

Consider the subcase, when among di,d2,d3 there are two entries, say di,d2i 
satisfying the inequality di, d2 > —1- If di — d2 = —1, then then Y is metrically 
equivalent to the following surface. Take a flat cylinder and isometrically identify a 
pair of symmetric semi-circles on one of its boundary components, see Figure [71a. 
We get a saddle connection joining a pair of simple poles as a boundary on one side 
of the cylinder and an "open end" on the other side. The size of Y is represented 
by the flat length of the waist curve of the cylinder, which is twice longer than the 
corresponding saddle connection joining the two simple poles. 

If, say, di > 0, and d2 > —1, the situation is completely analogous except 
that now Y is metrically equivalent to a flat expanding annulus with a pair of 
singularities of degrees di,d2 inside it. The size of Y is twice the length of the 
saddle connection joining these singularities, see Figure Hb. 

Finally, there remains the case when there are two values, say, ^2,^3, out of 
three, satisfying the inequality ^2,^3 < —2, then the third value, di, necessarily 
satisfy the inequality di > 1 (note that di cannot be equal to zero) . In this case Y 
is metrically equivalent to a pair of expanding annuli attached to a common saddle 
connection joining a zero of order di to itself, see Figure[7lc. The size of Y coincides 
with the length of this saddle connection. 

4.3. Geometric Compactification Theorem. Recall, that throughout section|3] 
we consider a wider class of flat metrics, namely, we consider flat metrics corre- 
sponding to meromorphic quadratic differentials (and meromorphic 1-forms) hav- 
ing poles of arbitrary order. We also deviate from the usual convention denoting 
by the same symbol Q{di, . . . , dn) strata of meromorphic differentials even when 
they correspond to "strata of global squares of 1-differentials" . 

Now we are ready to formulate a version of the Deligne-Mumford-Grothendieck 
Compactiflcation Theorem in geometric terms. As remarked above, this theorem 
is implicit in the statement of the theorem of K. Rafi. 

Theorem 10. Consider a sequence of flat surfaces St = (C-nqr) where meromor- 
phic quadratic differentials q^ stay in a fixed stratum Q{di, . . . ,dn)- Suppose that 
the underlying Riemann surfaces Cr converge to a stable Riemann surface Coo- 
Choose (5o so that 5q is smaller then half the injectivity radius (in the hyperbolic 
metric) of any desingularized irreducible component Cooj of Coo- Let Yrj be the 
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component corresponding to Cooj iri a do-thick-thin decomposition of Cr,' let X{Yr,j) 
be the size of a flat subsurface {Yr.j , Qt)- Denote 

1 

There is a subsequence S^-' = {Cr' , Qt' ) and a nontrivial meromorphic quadratic 
differential qoo.j on Coo.j such that the qr' j -representatives Yr^j of the correspond- 
ing thick components Y^'j of the fiat surfaces [Cr',qT'.j) converge to the (joo.j- 
representative Yooj of the fiat surface {Coo.j, 9ooj)- Furthermore, the conformal 
structures on Cr,j converge to the conformal structure of Coo j, md the quadratic 
differentials qrj converge to the limiting quadratic differential qoo,j on compact sub- 
sets of Coo J ■ 

With the possible exception of the nodes of Coo.j all zeroes and poles of qooj 
are limits of zeroes and poles of the prelimit differentials q-^.j . // all meromorphic 
quadratic differentials qr are global squares of meromorphic 1-forms ujr, then the 
limiting quadratic differential (joo.j is also a global square of a meromorphic 1-form 
^oo.j on Coo J- • 

Remark. Completing the current paper we learned that analogous results were 
simultaneously and independently obtained by S. Grushevsky and I. Krichever 
in ^GKrJ . by S. Koch and J. Hubbard [KH], and by J. Smillie [Sm] . 

We start with the following Lemma which will be used in the proof of TheoremfTUl 

Lemma 4.2. For every thick component Y of a thick-thin decomposition of S the 
q-geodesic representative Y can be triangulated by adding Ci saddle connections 7, 
each satisfying the the fiat length estimate: 

X{Y) 

(4.1) ^ < l7l < C2A(y) , 

where the constants Ci and C2 depend only on the ambient stratum Q{di, . . . ,dn) 
ofS. 

Proof. We build this triangulation inductively. At each stage we have a partial 
triangulation of Y. If some complementary region is not a triangle, it contains a 
saddle connection whose associated closed curve 7' is essential, i.e. not homotopic 
to a boundary component of Y. Let 7 be the shortest saddle connection with this 
property. Then the flat length of 7', which is twice the flat length of 7 is bounded 
from below by the size X{Y) (by the definition of size). Also, the flat length of 7 is 
bounded above by the diameter diamg(Y) of Y in the flat metric defined by q. By 
the Theorem of K. Rafi (see Theorem 4 in [R2 ) 

diamg(Y) < const ■ \{Y) 

and thus, (|4.ip holds. This process has to terminate after finitely many steps 
(depending only on the stratum) since the Euler characteristic is finite. Thus the 
lemma holds. □ 

Proof of Theorem \10[ For each component of the stable Riemann surface consider 
the associated hyperbolic metric, and consider the length of the shortest closed 
geodesic in this metric. Let L be the minimum of these lengths over all compo- 
nents. We choose 6 in such way that S <^ L. For each surface Sr we consider a 
decomposition into (5-thick components as in section |4T] 
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Since the Riemann surfaces Ct converge to Coo, we know that, for sufficiently 
large r, the topology of Frj coincides with the topology of Coo,j punctured at the 
points of crossing with other components of the stable Riemann surface Coo and 
at the points of self-intersection. Hence, for sufficiently large r the (jrj -geodesic 
representative Y,- of the thick component Yt.j might have only finite number of 
combinatorial types of triangulations as in Lemma 14.21 Passing to a subsequence 
we fix the combinatorial type of the triangulation. 

Such a triangulation contains a finite number of edges. Hence, by Lemma l4.2l we 
may chose a subsequence for which lengths of all sides of the triangulation of Yt-/ j- 
converge. Note that by continuity, the limiting length 700 of each side satisfies: 



Hence, the limiting triangulation defines some fiat structure sharing with ^T'.j the 
combinatorial geometry of the triangulation. Clearly, the linear holonomy of the 
limiting flat metric is the same as the the linear holonomy of the prelimiting flat 
metrics. 

By construction, the underlying Riemann surface for the limiting fiat surface 
is Coo,j- Thus, to complete the proof it is sufficient to consider a meromorphic 
quadratic differential ^ooj representing the limiting fiat structure. S ince Coo, J and 
Cr,j for large r have triangulations which are close, if we remove the neighborhoods 
of the cusps of Coo J, there is a quasiconformal map with dilatation close to 1 taking 
Cr,j to Cooj which is close to the identity on compact sets. This implies that Crj 
converge to Cooj- as Riemann surfaces, and also that qrj converge to goo.j- D 

Remark 4.1. Note that the quadratic differentials qr'j defined in the statement 
of Theorem [10] might tend to zero or to infinity while restricted to other thick 
components I'r'./c, where k ^ j. To get a well-defined limiting quadratic differentials 
on each individual component one has to rescale the quadratic differentials q-ri 
individually component by component. As an illustration the reader may consider 
an example at the very end of the paper }R2l of K. Raff 




4.4. The ((5, 77)-thick-thin decomposition. Suppose (5 > in the choice of the 
thick-thin decomposition is sufficiently small, and choose r/ so that 5 <C ?7 <C 1. 
We work in terms of a hyperbolic metric with cusps ghyp{S). Consider an (?/,(5)- 
thick-thin decomposition of the surface S. Namely, for each short closed geodesic 
7 € r(5) consider the set of points in the surface located at a bounded distance from 
7. When the bound for the distance is not too large, we get a topological annulus. 
We choose the bounding distance to make the length of each of the two boundary 
components of the annulus equal to the chosen constant r]. Let Aj{r]) denote this 
annulus. If we remove these annuli from S, S becomes disconnected; the connected 
components which we denote by Yj{ri) are subsets of the J-thick components Yj 
defined in 21 We have 



We note that the (J, 77) -i/iicfc components Yj{ri) and the (6, rfj-thin components A^{5) 
depend only on the hyperbolic metric on S, and not the quadratic differential q. 



|7oo| < const . 





LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 



49 




Figure 8. (5, 77) -thick components in hyperbolic metric 

4.5. Uniform bounds for the conformal factor. For R > and a cusp P, let 
Op{R) denote the neighborhood {C, \ |C| < R} where C is as in (|3.20p . In this 
subsection we fix a constant R (depending only on S, rj and the stratum) such that 
for any hyperbolic surface S and each hyperbolic cusp P of S, the neighborhood 
Op{R) does not intersect any of the (5, r/)-thin components ^^(77), 7 € r((5), and 
also for distinct cusps P and Q, the neighborhoods Op{R) and Oq{R) are disjoint. 

The following Proposition is a variant of the Theorem of K. Rafi stated in the 
beginning of 21 

Proposition 4.1. Let S = (C, q) be a flat surface, and let Y be a 5-thick component 
of S. Let Y{ri) be the corresponding {5,ri)-thick component of S (defined as in 
'> \4.4^ . For each P e Z{Y{ri)), let Op{R) be the neighborhood of P as defined in the 
beginning of j |^.5| Then, there exists a constant C depending only on the stratum, 
5, rj and R such that for all x G Y{ri) — Upez(y) ^p{R)^ 

\cj,{q)~ log X{Y)\<C\ 

where 4>{q) is the conformal factor of q defined by gfiat{q) = Gxp(2(/>(?))g/ij,p. 

Proof. The proof will be by contradiction. Suppose there is no C satisfying the 
conditions of the lemma. Then there exists sequence of triples (a;,-, 1^, 5'r) such 
that Yr C 5*1- is a (5-thick subsurface, Xr S and if we write Sr = {C'r^qr) then 

(4.2) |(/.(g,)-logA(i;)|^oo. 

After passing to a subsequence, we may assume that the fiat surfaces Sr converge 
in the sense of Theorem 1101 Let Coo, <5o, C'ooj, Y^-j, qrj be as in the statement 
of Theorem [101 One technical issue is that the constant Sq (which depends on 
the sequence Sr) might not coincide with the constant 6 > which is chosen in 
advance; in particular, we may have Sq < 5. 

Since Yr is a thick component of Sr, for large enough r no boundary curve of 
one of the Yrj (which are all in r((5o)) can cross the interior of 1^; therefore the 
subsurface Yr must be contained in one of the Yrj where j = jir); however after 
passing to a subsequence we may assume that j is fixed. Even then, we might not 
have Yr = Yrj since all we know about the boundary curves of Yr is that they have 
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hyperbolic length at most S, while by definition, the hyperbolic length boundary 
curves of Yrj tends to as r — ^ cxd. However, we claim that 

(4.3) limsup I log A(r^) - log A(y^j)| < oo. 

r — J-oo 

Indeed, if (I4.3P failed, then (after passing to a subsequence) by [EMiRj . Lemma 4.9, 
the subsurface Yrj would contain a curve with the hyperbolic length of 7T.j — > 0; 
this contradicts the fact that Yj-j -> Cooj where Cooj is connected. Therefore ()4.3|) 
holds. It follows from (l42l) and (l43l) that 



(4.4) |</>(g,)-logA(i;,,)| ^oo. 
As in Theorem [ini let 

By Theorem [TOl we have qrj — >■ Qoaj on uniformly on compact subsets of Cooj 
After passing to a subsequence. Since Xr stays away 

from Z{Yrj), Xoo ^ Z(Yoo,j)- Also, since Xr £ Yrjirj), Xoo is not one of the nodes. 
Since qoo,j is finite and does not vanish except at ponts of Z{Yoo,j) and the nodes, 
we see that qoo,j{xoc) 7^ 0. 

Recall that we represent the conformal factor relating the flat and hyperbolic 
metrics as gflatiQr) = cxp(20((7.r))5/iw Therefore, 

(t){qr.j){xr) 0('7ocj)(a;oo) 7^ 0. 

Hence, 

(4.5) limsup |0(q',-,i) I < 

Recall that by definition q-r^j Xj^qr- Note that multiplying qr by a constant 
factor k we do not change the hyperbolic metric, Qhypikqr) = giiypiqr)- Thus, 

(4.6) Cb{qr,j) ^^iqr)~ log X{Yr,,). 

Now (l46l) and KB contradict (l44l). □ 



5. Analytic Riemann-Roch Theorem 

This section is entirely devoted to a proof of Theorem[S] In section lOl we present 
our original proof based on the results of J. Fay |Fay| . 

Having seen a draft of the paper D. Korotkin, indicated us that TheoremOshould 
be an immediate corollary of the holomorphic factorization formula from [KkKt2| 
combined with the homogeneity properties of the tan- function established in |KtZg| . 
We present a corresponding alternative proof in section [5.21 

5.1. Proof based on the results of J. Fay. Recall the setting of Theorem [S] 
Consider a flat surface S of area one in a stratum of Abelian differentials or in a 
stratum of meromorphic quadratic differentials with at most simple poles. In the 
current context we are interested only in the underlying flat metric, so we forget 
about the choice of the vertical direction. In other words, we do not distinguish flat 
surfaces corresponding to Abelian differentials uj and exp{iip)uj (correspondingly 
quadratic differentials q and exjp(2iip)q), where is a constant real number, e 
consider the flat surface WS as a point of the quotient 

Hi(mi,...,m„)/S0(2,M) ~ PH(mi, . . . , m„) 
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or 

Qi(di, . . . , d„)/ S0(2,R) ~ PQi(di, . . . , d„) 

correspondingly. 

Consider a complex one-parameter family of local holomorphic deformations 
S{t) of S in the ambient stratum 'H{mi, . . . , rn„) or Q{di, . . . , (i„) correspondingly. 
Denote by z a flat coordinate on the initial flat surface, and by u denote a flat 
coordinate on the deformed flat surface. The area of the deformed flat surface S{t) 
is not unit anymore. We denote by S^^\t) the flat surface of area one obtained 
from S{t) by the proportional rescaling. Smoothing the resulting flat metric of area 
one as it was described in section lS^ we get the smoothed flat metric Pe{u, u)\du\^ . 

By Wi, i = 1, . . . , (J, we denote local nonvanishing holomorphic sections of the 
Hodge bundle so det' {ijji,ujj) is a local holomorphic section of the determinant 
bundle A^i7^'°, and | det(wi,a;j)| is the square of its norm induced by Hermitian 
metric (HH]), see ([Xi)) . 

The starting point of the proof is the following reformulation of a formula of 
J. Fay. 

Proposition 5.1 (after J. Fay). The following relation is valid 

(5.1) didtlogdetAflat,e{S^'Ht)) - 9t5tlog|det(c^„c^,)| = 

det 



1 



c 



didtlogpe 


dtdu log Pe 


^ dtdulogpe 


dzdglogpe , 



dx dy . 



where the derivatives of functions of the local coordinate u are evaluated at t = 0. 

Proof. Actually, formula (15. ip above is formula (3.37) in |Fay| adjusted to our 
notations. 

A vector bundle Lt in formula (3.37) in |Fay| is trivial in our case. This means 
that the metric h on it is also trivial and equals identically one: h — 1. The same is 
true for the determinant det(a;i, Wj)^^ in formula (3.37) in [Fay| ; this determinant 
is identically equal to one in our case. 

A vector bundle Kt (8) in formula (3.37) in |Fay| becomes in our context the 
vector bundle and a basis in the fiber of this vector bundle denoted in |Fay| 
by {ujI} becomes a basis of holomorphic 1-forms in i/^'°(C(i)), denoted in our 
notations by uJkit) where C(t) is a Ricmann surface underlying the deformed flat 
surface S{t). Note that each uJk{t) considered as a section of the holomorphic vector 
bundle is holomorphic with respect to the parameter of deformation t. 

Note, that we represent the metric as Pe{u,u) |c?up while in the original pa- 
per [Fay| the same metric is written as p~^|c?up. This explains an extra factor of 
4 in the denominator of l/(47r) in formula (|5.2p below with respect to the original 
formula (3.37) in [Fay] . 

Finally, using that 



Ped{Pe ^) = -dlogpe. 



52 ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH 

we can rewrite formula (3.37) in |Fay| in our notations as 



(5.2) dAlog 



\det{uji,ujj)\ I 
J ({didthgpe) (dgd^logp^) - {dtdu\ogpe) [didulogPe)- 

- ^(<9t5t logpe) {d^dslogpe) + ^{dtdu\ogpe) (^Alogp^)) dxdy. 



Simplifying the expression in the right-hand side of ()5.2p . we can rewrite the latter 
formula in the form ()5.ip . □ 

Lemma 5.1. In the same setting as above the following formula is valid 

(5.3) dtdtlogdetAflat{S^^\t),So) = 



= (9t9t log I det(wj, + — lim / det 



dtdt log Pe 


dtdu\ogPs 


didu log Pe 


dzdzlogpe ^ 



dx dy 



where all derivatives of functions of the local coordinate u are evaluated at t — 0. 

Proof. Combine the latter equation with definition p.l6p of det A flat (S'^^^t), So) 
and pass to the limit as e — > +0. □ 

Now let us specify the holomorphic 1-parameter family S{t) of infinitesimal de- 
formations of the flat surface S = 5(0). 

When the flat surface S is represented by an Abelian differential a; in a stratum 
'Hijni, . . . , m„) we consider an infinitesimal affine line "f{t) defined in cohomological 
coordinates 

(Zi, . . . , Z2g+n-i) € H\S, {zeroes of lo}; C) 
by the parametric system of equation 

(5.4) Zj(t) ■=a{t)Zj{0) + b{t)Zj{0) , for j = 1, . . . ,2g + n ~ 1 , 

where a(0) = 1, &(0) = 0, and &'(0) ^ . 

When the flat surface S is represented by a meromorphic quadratic differential 
5 in a stratum Q{di, . . . , d„), we consider an infinitesimal affine line 7(i) defined in 
cohomological coordinates 

(Zi, . . . , Z2g+n-2) e H^iS, {zeroes of lo}; C) 

by an analogous parametric system of equations 

(5.5) Zj{t) :^a{t)Zj{0) + b{t)Zj{0) , ior j ^ 1, . . . ,2g + n - 2 , 

where a(0) = 1, &(0) = 0, and &'(0) ^ . 



The next Proposition evaluates the limit in equation ()5.3p for families of defor- 
mations (lOl) and (l5?5]). 



Proposition 5.2. In the same setting as above the following formulae hold. 
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For a family of deformations ()5.4|) of the initial flat surface S inside a stratum 
'H{mi, . . . , nin) of Abelian differentials one has: 
(5.6) 



lim / dot 



c 



dtdi log pe 


dtdu \og Pe 


dtdulogpe 


92^2 log Pe 



^ mj-(TOj- + 2) 



For a family of deformations (|5.5p o/ </ie initial fiat surface S inside a stratum 
Q{di, . . . , dn) of meromorphic quadratic differentials with at most simple poles one 
has: 



(5.7) lim / det 



dtdi log Pe 


dtdulogpe 


dtdulogpe 


dzdglog Pe 



dxdy ^ n ■ 'S^ -^i-r r 'Wi 

^ 4(d, + 2) ' ^ 



Proof. We are going to show that the integral under consideration is localized into 
small neighborhoods of conical singularities, and that the integral over any such 
neighborhood depends only on the cone angle at the singularity. In particular, it 
does not depend on the holonomy of the flat metric, so it does not distinguish 
flat metrics corresponding to holomorphic 1-forms and to quadratic differentials. 
In other words the second formula in the statement of Proposition 15.21 is valid no 
matter whether a quadratic differential is or is not a global square of an Abelian 
differential. The first formula, thus, becomes an immediate corollary of the second 
one: if an Abelian differential has zeroes of degrees mi,...,m„, the quadratic 
differential has zeroes of orders 2mi, . . . , 2m„. Applying the second formula to 
this latter collection of singularities we obtain the first one. 

We can represent a holomorphic deformation of the flat coordinate z as follows: 

u{z, z, t) = a(t) z + b{t) z 

where i e C is a parameter of the deformation and coefficients are normalized as 
a(0) = 1, 5(0) = 0, and 5'(0) ^ 0, see (EH), and We get 

(5.8) du A du = {adz + b dz) A {adz + b dz) = {aa — bb) dz A dz 
Computing the derivatives we get: 

(5.9) dtu = a'z + b'z dtu = 

dfU = dfU = d'z + b' z 

where a' = dt a{t) and b' — dt b{t). 

It would be convenient to introduce the following notation: G{t, t) := {aa—bb)~^. 
Computing the derivatives of G we get: 

dtG= -G^ ■ {a'd-b'b) dtG\^^^ = -a'{Q) 

(5.10) diG= -G^ ■ {aa' ~bb') diG\^^^ ^ -a' {0) 
dtdiG^ 2G^ ■ {a' a - b'b){aa' - bb')- 

- G^{a'd' - b'b') dtdiG\^^^ = a'(0)a'(0) + 6'(0)5'(0) 

Consider a neighborhood O of a conical singularity P of order d on the initial 
flat surface S. Recall that the local coordinate w in O is defined by the equation 
{dzY = w'^ {dwY , see p.lSp . The smoothed metric gflat,e was defined in O as 
gflat,e = Pflat,s{\w\) M^Pi where the function pflat,e is defined in equation p.l5p . In 
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the flat coordinate z the smoothed metric has the form gflat,e — Pe{\z\) \dz\'^, where 
the function Ped^l) is defined by the equation 

Pflat,eiH)\dw\^ =Pei\z\)\dz\' 

A simple calculation shows that 

1 , when r > e 

(5.11) p,(r) = <( / 2 x2 



, d+2 



r d+2 ^ when < r < e' . 



Finally, it would be convenient to make one more substitution, representing the 
smoothed metric in O as 

Pe(|z|)Mz|'=exp (2^e(k|')) \dz\\ 

The above definition of ip^ implies that 

{0 , when s > 

log(^)-2l^log. , when < . < 

We will need below the following immediate implication of the above expression: 

when s > 

d 

^ 2{d+2) 



(5.13) ^',{s)-s 



when < s < (e')^ 



Consider now a neighborhood O of a conical singularity P on the deformed flat 
surface S^-^^t) with normalized metric. It follows from (|5.8p that smoothed metric 
Pe{u,u)\du\'^ has the form 

Pe(u, u) = exp (2(p^{uuG)) ■ G{t, t) 

in such neighborhood. The second factor G{t,t) in the above expression is respon- 
sible for the normalization 

area (S'^^n*)) = 1 

of the total area of the deformed flat surface S{t). Passing to the logarithm we get 

logpe(u, u) — 2ip^{uuG) + logG . 
Now everything is ready to compute the entries of the matrix 



dtdi log Pe 


dtdulog Pe 


^ dtdulogPe 


dzdz log pe , 



Entry 



Evaluating the first derivative dt log pe we get 

dt dt dt G 



, , du dG\ dG 1 

d-tlogp, = dA2^e{uuG) +logG{t,T)] =2^;. U G + uw- 
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Passing to the second derivative we obtain 

„ ( _du dG\ ( du _ dG\ 

5,9, log ^2^,-^-G + uu—j^^^G + uu^j + 

, (dudu dudO du dG _ d'^G\ d'^G 1 dG dG I 

l^ai '^^^ 9i + " '^dm"G~~dt~dT"G^ 

Applying formulae (|5.9p we evaluate the above expression at t = getting: 

{a'z + b'z)z -G + zz — j i (a'z + b'z)z ■ G + zz-^ \ + 

( - dG 

+ 2ip'^- [ {a'z + b'z){a'z + b' z) ■ G + {a'z + b'z)z + 



. / -, . dG d^G^ 
+ {-a, + bz)z — +z-z^ 



d^G 1 dGdG 1 



dtdt G dt dt G2 
Applying formulae (I5.10p for derivatives of G at t = we can rewrite the latter 
expression as 

2lp'1 ■ {{a'z + b'z)z -l + zz- {-a')j {{a'z + h'z)z ■ 1 + zz ■ (-a')) + 

+ 2ip'^ ■ {{a' z + b'z){a'z + b' z) ■ 1 + {a z + b'z)z (— a') + 

+ {a'z + b'z)z{-a') + zz{a'a' + + 

+ {a'a' + b'b')-l^{-a'){-a')-l 

Simplifying the latter expression we get 
(5.14) dtdilogpe = b'b'{2if'l ■ {zzf + V • zz + l) 



Entry 



For this entry of the determinant we have 

„ / du du\ ( du du\ „ , f du du du du\ 
d,d,\ogp,=2if' ■[u— + u—] [u—+u—]g^ + 2^',- + G 

\ dz dz I \ dz dz I \dz dz dz dz I 

Applying (j5.9p we can evaluate the above expression at t = which leads to 
d,di \ogp, = 2^'l ■ zz ■ G2(0) + 2(^^ • 1 • G(0) = 2{^'l ■ zz + i^'^) 



Product of diagonal terms 
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Taking into consideration (|5.14[) we obtain the following value for the diagonal 
product in our determinant: 

(5.15) dtd-tXogpe ■ OA \ogp, = 2b'b' ■ (2ip'^ ■ {zzf + -zz + l) ((p^' • zz + 



Entry 



For the first derivative du log pe we get 

du log Pe ^ 2tf'^ ■ u ■ G 

For the second derivative we obtain: 

„ / du dG\ , (du dG\ 

dtdu\ogp,^2^'^- \u—G + uu— \ ■u-G + 2^'^-\—G + u — \ 

Evaluating the above second derivative at t = using ()5.9p and (|5.10p we proceed 



as 



(5.16) dtdu log Pe ^ 2if'l ■ (z ■ {a'z + b'z) ■ I + zz ■ (-a')) ■ z ■ 1+ 

+ 2lp'^ ■ {{a'z + b'z) • 1 + z • (-a')) = 2b' z ■ {ip'^ ■ zz + ^^) 



Entry 

Analogously, for the first derivative 9„ log p^ we get 

du log pe^2kp'^-u-G 

and for the second derivative we obtain: 

„ ( du dG\ , ( du dG^ 

d,dulogpe^2^':.{u^^G + un^\.n.G + 2^'e-[^-G^U^ 



Evaluating the above expression at t = using (|5.9p and (|5.10p we complete the 
calculation as 



(5.17) dtdu \ogpe = 2^'^ ■ [z ■ {a'z + b'z) ■ I + zz ■ (-a') j ■z-l + 

+ 2(^; • [{a'z + b'z) • 1 + z • (-a')) = 2b' z ■ {ip'^ ■ zz + ip'^) 



Product of diagonal terms 



Combining (15.16^ and (15.17^ we obtain the following value for the anti diagonal 
product in our determinant: 

V 2 



(5.18) 



dtdu log Pe ■ dtdu log Pe = 46'5' • zz ■ ■ zz + Lp'^] 
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Finally, combining ()5.15p and (|5.18|) we obtain the desired value of the determi- 
nant: 



(5.19) det 



dtdt log Pe 


dtdu log Pe 


didulogpe 


d zdz log Pe 


■zz + ^'^) ■ 


\2^"e-{zzf 



= 26' 



/6' . (2^; . ■ [z-zf + 2y,f ■ z-z + v'l ■ z-z + ^',) 



Now we need to integrate the above expression over the flat surface S. First note 
that outside of small neighborhoods of conical singularities, the smoothed metric 
Pe{z,z)\dz\^ coincides with the original flat metric, so for such values oi x,y we 
have Pe — ^ and hence, for such values of [x.y) we have log pe{x,y) = 0. This 
observation proves that 



(5.20) 




dtdi log Pe 


a* 9s log Pe 


^ dtdulogpe 


d zdz log Pe 



dx dy = 



2b' 



'b' ■ (2ip'^ ■ ip'l ■ {zzf + 2{if'^Y ■ zz + ip'l ■ zz + (/5e) dx dy 



where the sum is taken over all conical points Pi, . . . , P„. (We did not introduce 
separate notations for flat coordinates in the neighborhoods of different conical 
points) . 

Using the definition (|5.12p of fe{s) we can rewrite the expression which we 
integrate in terms of a single variable s = zz = \z\'^ as. follows: 

(5.21) 2^^ • ■ {zzf + 2(^i)2 . zz + -zz^^',^ 

= 2^',{s) ■ ^':{S) ■ + 2{^'Mf ■ 5 + ^eis) ■ S + V'ei^) =: $e(5) 

Recall that in the flat coordinate z a small neighborhood of a conical singularity 
of order d is glued from d + 2 metric half-discs. Taking into consideration angular 
symmetry of the expression which we integrate and passing through polar coordi- 
nates in our integral we can reduce integration over a d -I- 2 metric half-discs to 
integration over a segment: 

(5.22) 2b'b' [ ^e{zz)dxdy = 2{d + 2)b'b' [ ^e{r^)rdrde = 



= {d + 2)TT-b'b' / <^>e{s)ds 
Jo 

Finally, observe that it is easy to find an antiderivative for ^^(s), namely: 
<^e{s) = {{^'{s)y-s' + ^'{s)-s)' 
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which implies, that 



Using the properties (|5.13p of fe{s) we get 



+0 




d{d + 4) 
4(rf + 2)2 



Plug the value of the integral obtained in the right-hand side of the above formula 
in equation (I5.22[) and combine the result with (|5.20[) and with (|5.2ip . The resulting 
expression coincides with equation (|5.7p in the statement of Proposition [521 As we 
have already indicated above, relation (I5.6P follows immediately from equation (j5.7p 
and from the fact that the integral is supported on small neighborhoods of the 
conical points of the metric. Proposition 15 . 21 is proved. □ 



Lemma 5.2. In the same setting as above the following formulae hold. 

For a family of deformations ()5.4p of the initial fiat surface S in a stratum 
'H{mi, . . . , m„) of Ahelian differentials one has: 



(5.23) didt\ogAeil^flat{S,So) = 

= 5(94 log I det(a;,,a;j)| + 



1 

12 



E 



mj{mj+2) 



1) 



For a family of deformations (|5.5p of the initial flat surface S inside a stratum 



Qidi,. 
has: 

(5.24) 



,dn) of meromorphic quadratic differentials with at most simple poles one 



d-tdt logdetAy,,4(5,5o) = 

= dtdt log|det(wi,a;j) 



24 



dj{dj+A) 
^ K+2) 



E 



|6'(0)|= 



Proof. Plugging expressions (|5.6p and ()5.7p obtained in Proposition 15.21 into for- 
mula (|5.3p from Lemma we get the relations (|5.23p and (|5.24p from above. □ 

Consider the natural projection 

p : Himi, . . . , m„) -> PH(mi, . . . , m„) . 

Families of deformations (|5.4p and ()5.5p are chosen in such a way that the resulting 
infinitesimal affine line ^{t) defined by equation (|5.4p in the stratum 'H{mi, . . . , m„) 
(correspondingly by equation (15. 5p in the stratum Q(di, . . . ,dn)) projects to the 
Teichmiiller disc passing through p{S). We will show below that the projection 
map p from 7(<) to the Teichmiiller disc is nondegenerate in the neighborhood of 
t = 0. Thus, we can induce the canonical hyperbolic metric of curvature —4 to 
lit)- 

Lemma 5.3. The canonical hyperbolic metric of curvature —4 on the Teichmiiller 
disc induced to the infinitesimal complex curve "f{t) under the projection p has the 
form 

\b\0)\'\dt\' 

at the point t — 0. 
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In particular, the Laplacian of the induced hyperbolic metric of curvature —4 on 
"f(t) satisfies the relation 



(5.25) 

at the point i = 0. 



1 



^ Teich 



t=o dt dt 



t=o 



Proof. We prove the Lemma for a flat surface corresponding to an Abelian differen- 
tial; for a flat surface corresponding to a meromorphic quadratic differentials with 
at most simple pole the proof is completely analogous. 

Choose a pair of independent integer cycles ci, C2 G Hi{C, Z) such that cioc2 — 
1, and transport them to all surfaces C{t) (we assume that "f{t) stays in a tiny 
neighborhood of the initial point, so we would not have any ambiguity in doing so). 
Consider the corresponding periods of uj{t), 



A{t) / u{t) B{t) := j uj{t) . 

Jc^ J C2 



By definition of the family of deformations we get 

A{t)=a{t)A + h{t)A 
B{t) = a{t)B + b{t)B , 

where A = A{0) and B — B{0) are the corresponding periods of the initial Abelian 
differential ui. Define 

B{t) a{t)B + b{t)B 



A{t) a{t)A + b{t)A 



At the first glance this definition of the hyperbolic coordinate C{t) depends on 
the choice of a pair of cycles ci, C2, and on the values of the periods of the initial 
Abelian differential. However, it would be clear from the proof that the induced 
hyperbolic metric does not depend on this choice. Basically, the situation is the 
same as in the case of flat tori, see Example 13.11 in section 13.11 

Consider now the hyperbolic half-plane endowed with the canonical metric 



4|ImCp 
Clearly 



of curvature —4. Let us compute the induced metric in the coordinate t. 



ImC(O) = Ini 



B 
A 



Computing the derivative at t = we get 



dt 



b'{0) 



BA- BA 

l2 



Thus 



dt dt 



BA- BA 

aa 



= 4|6'(0)|^ 



Im — 

A 



= 4|6'(0)p Im'C(O). 
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Hence, the hyperbolic metric has the fohowing form in coordinates i at t = 



\dC\' 



4(ImC)2 



dt dt 4(ImCa))^ 
C(o) ^ " 



t=o 



= 4|&'(0)p WcWttT^L = |6'(0)ndi|^ 



'4(ImC(0))2 

This imphcs that the Laplacian of this metric at t = is expressed as 

4 



A 



Teich 



|5'(0)|2 dtdt 



□ 



Proof of Theorem[5i Plug the expression ()5.25|) for dtdt obtained in Lemma [531 into 
formulae ()5.23p and ()5.24p obtained in Lemma 15.21 Dividing all the terms of the 
resulting equality by the common factor |6'(0)| (which is nonzero by the definition 
of the family of deformations) we obtain the relations equivalent to the desired 
relations ((STfl) and (IXTS)) in Theorem [S] □ 

5.2. Alternative proof based on results of A. Kokotov, D. Korotkin and 
P. Zograf. By assumption the initial flat surface S — 5(0) has area one. However, 
the area of the flat surface S{t) in family (|5.4p or in family ()5.5p varies in t. Define 
the function 

k{t,t) Area(5(t))"^ . 
We shall need the following technical Lemma concerning this function. 

Lemma 5.4. One has the following expression for the partial derivative of k{t,t) 
at t = 0; 

(5.26) =1|6'(0)P 

ot at t=o 2 

Proof. Relation (|5.8p implies that: 

Area {S{t)) = {aa - hb) , 
so we get the following expression for the function k{t,t): 

k{t,t) = (aa- 66)^5 . 
Computing the value of the second derivative at t = 0, we get 



d'^logk{t,t) 



t=o 



dtdt 

where we used the conventions chosen above: a(0) — 1 and 6(0) =0. □ 



The proof of Theorem [5] can be derived from the following formula due to 
A. Kokotov, D. Korotkin (formula (1.10) in [KkKt2j ). Denote by det AI'^I' the regu- 
larized determinant of the Laplace operator in the flat metric defined as in [KkKt2] 
by a holomorphic form lo G 'H(toi, . . . ,m„). It is defined for fiat surfaces of ar- 
bitrary area. For a; e 'Hi{mi, . . . ,mn) the determinant det A'"' differs from 
det Aflat (<5'(cj), 5*0) by a multiplicative constant depending only on the choice of 
the base surface Sq. 



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 



61 



Theorem (A. Kokotov, D. Korotkin |KkKt2| ). For any flat surface in any stratum 
of Abelian differentials the following formula of holomorphic factorization holds: 

(5.27) det AI'^I' = const ■ Atc£i{C,uj) -(101(11X15) • |t(C,w)P , 

where B is the matrix of B -periods and t{C,uj) is a holomorphic section of a line 
bundle on the ambient stratum H(mi, . . . , m„) of Abelian differentials. 
Moreover (see |KtZg| t(S', oj) is homogeneous in uj of degree p, where 

1 v-^ mAnij + 2) 

In other words, for any nonzero complex number k one has 

(5.29) T{C,kuj) =kPT{C,uj) 

Alternative proof of Theorem\B[ Note that Ira B{t) depends only on the underlying 
Riemann surface C(i); in particular, rescaling uj{t) proportionally, we do not change 
luiB{t). 

Applying formula (j5.27l) to the normalized Abelian differential k{t,t)u{t), which 
defines a flat surface S'^^-'(i,t) of unit area, we get 

det A/jaf (s'(^^(t),S'o) = const • 1 • det (iniB(i)) • T(^C{t),k{t,t)Lu{t) 

= const ■ det(IniB(t)) • k^P{t,t) ■ \T{C,uj{t))\^ , 

where we used homogeneity (|5.29p of r to get the latter expression. Passing to 
logarithms of the above expressions, applying ^^g- , taking into consideration that 
t(C(<), aj(t)) is a holomorphic function, and using relations (|5.26|) and ()5.28p we 

get 

(5.30) ^log|detA^,i(5(t),5o)| = 

log|detImi.| + l^II^iilI^|5'(0)P. 
12 ^ + 1 



dtdt 

It remains to note that 

\det{ijJi{t),LOj{t))\ = [holomorphic function of t| • Im i3(t) . 

Thus, 

^log|det(^,(i),^,(t))| = ^log|detImB(t)|. 

Applying the latter remark to expression ([QO]) . dividing the resuh by |6'(0)p and 
recalling (|5.25p we get 

1 " m (m. + 2) 

ATe^chl0g\det{uJ,{t),UJJ{t))\ = ATe^chlog\Aflat{S,So)\ - ^ ^ 

1=1 

□ 

The proof for quadratic differentials is completely analogous. It is based on the 
following statement of A. Kokotov and D. Korotkin (see |KkKtlj ): 
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Theorem (A. Kokotov, D. Korotkin). For any flat surface in any stratum of mero- 
morphic quadratic differentials with at most simple poles the following formula of 
holomorphic factorization holds: 

det AI«I = const ■ Area{C,q) ■ det{lmB) ■ \T{C,q)\^ , 

where T(S,q) is a holomorphic function in the ambient stratum Q(c!i, . . . , d„) of 
quadratic differentials. 

Moreover, r(S', q) is homogeneous in q of degree p, where 



1 " 
Is 51 



d,{d,+4) 

P - 



48 ^ rf, + 2 

In other words, for any nonzero complex number k one has 

T{CM)=k^T{C,q) 

Note the only difference with the previous case. Multiplying an Abelian differ- 
ential by a factor k we change the area of the corresponding flat surface by a factor 
|fcp. Multiplying a quadratic differential by a factor k we change the area of the 
corresponding flat surface by a factor \k\. 

6. Relating flat and hyperbolic Laplacians by means of Polyakov 

FORMULA 

In this section we prove Theorem [Bl Our proof is based on the Polyakov for- 
mula. We start by rewriting the Polyakov formula in a more symmetric form (j6.1l) . 
Then we perform the integration separately over complements to neighborhoods of 
cusps and over neighborhoods of cusps. A neighborhood of each cusp we also sub- 
divide into several domains presented at Figure [SI and we perform the integration 
separately for each domain. 

6.1. Polyakov formula revisited. In local coordinates a;, y the Laplace operator 
of a metric p{x, y) \dx dy\ has the form 

and the curvature Kg of the metric is expressed as 

Kg = -Aglogvp. 

In some situations it would be convenient to use the following coordinate version 
of the Polyakov formula (see section [3T5|) . Let in some coordinate domain a;, y 

92 = P2 \dxdy\ = exp(2(?!)2) \dxdy\ gi = pi \dxdy\ = exp(20i) \dxdy\ . 

Then, 52 = exp (2(02 — 0i)) • 51, so (f) ~ 4)2 ~ <t>i- An elementary calculation shows 
that in the corresponding coordinate domain 

(6.1) J{(j)Ag,(l)-2(j)Kg,)dgi^ y"(02A02-0iA0i)-f (02A0i-0iA02)da:^c?2/ , 
where A = — ^ + — ^. 
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6.2. Polyakov Formula applied to smoothed flat and hyperbolic metrics. 

Let w be a coordinate in a neigliborhood of a conical point on S defined by (|3.14|) : 
let wq be analogous coordinate for 5*0. By assumptions, the order d of the corre- 
sponding conical singularity is the same for S and 5*0. Then, we obtain 



(6.2) 2((/.(C)-0o(C))=log 



dw 



dlog 



log 



Wn 



w 



Wo 
dw 



regular function = regular function 



In the last equality we used that w = ^lc=o • C(l + 0(|C|)) and wo = ^k=o • 
({1 + 0(C)) where both derivatives are different from zero. This proves that the 
right- hand- side expression in formula p.23p of Theorem [S] is well-defined. 

Applying the Polyakov formula to the metrics gflat,e = Gxp{2(j))giiyp,s on S, then 
to the metrics gflat.e = exp(20o)(7hj,p,5 on 5*0, and taking the difference we get the 
following relation: 



3.3) log det A,^„,,^ {S, So) ~ log dct A^.^^ , {S, So) 

1 r . . , 1 



127r 



0(A 



9 hyp , 6 



2K. 



ghyf.6 



I dghyp,5 - 



127r 



So 



M^9ky,,54>0-'2Kg^^^_,)dghyp,S 



where we took into account that 



Areagp^^^ (S) = Area^^^,^^ (So) and Area^,^^ , (S) = Areag,^^ , (5*0) . 

To prove Theorem [5] we need to compute the limit of expression (j6.3p as e and 
S tend to zero. Note that the term log det A^^^^ ^{S, So) does not depend on S, and 
that existence of a limit of this term as e tends to zero is a priori known. Similarly, 
the term log det Ag^,^^ {S, So) does not depend on e and existence of a limit of this 
term as d tends to zero is also a priori known. Hence, to evaluate the difference of 
the corresponding limits we can make s and S tend to zero in any particular way, 
which is convenient for us. From now on let us assume that 0<5^£^i?<Cl. 

As usual, we perform the integration over a surface in several steps integrating 
separately over complements to i?-neighborhoods of cusps and over i?-neighborhoods 
of cusps. An i?-neighborhood of each cusp we also subdivide into several domains. 
We proceed by computing the integral in the right-hand-side of (j6.3[) domain by 
domain. 



6.2.1. Integration over complements of cusps. In this domain gflat.e 
9hyp,s — ghyp- In coordiuatcs z and Q we have 



gflat, and 



= log 



where p(C, C) = ICI ^(log |C|) ^ is the density of the hyperbolic metric. Also, in this 
domain 

-1 52 



9 hyp , 5 9 hyp 



dCdC 



Hence, 



4p- 



T I 1 f, dz , dz 
= I - I log — + loff 



dc 



dc 



rlogp 
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\w\ > e but Id < R 




Figure 9. Domains of integration 



Since log — is holomorphic and log is antiliolomorphic they both are annihilated 
dQ dC 

by the Laplace operator. Thus, in this domain 



A, 



1 

--A 
2 



-1 



'■ghyp,sV — 2^Shyp ^Og Phyp — -"-gftjp 

and, hence, in this domains we get 

i^9,yp.s <t> - 2-F^s,.,p,, ) = 1 and (Ag„^^ , - 2Kg,^^^ , ) = 1 

In notations p.22p we can represent integrals (|6.3p over complements S 
UOj{R) to the cusps as 



and 5*0 
(6.4) 



UOj{R) 



UOj(fi) 



{4> - 4>o) dghyp ■ 



6.3. Integration over a neighborhood of a cusp. The rest of SJS] consists of a 
very tedious calculation. We fix a pair of corresponding conical singularities Pj on 
S and on 5*0, and we consider neighborhoods 0{R) of the corresponding cusps in 
hyperbolic metrics on S and 5*0. These neighborhoods are isometric, where isometry 
is defined up to a global rotation of the cusp. Using such an isometry we identify 
the two corresponding neighborhoods on S and on Sq. Clearly, g^yp and guyp.s 
coming from S and from 5*0 coincide, while the holomorphic functions w, and wq 
defined in a disc 0{R) — {(, such that \C,\ < R} (and hence the corresponding flat 
metrics and smoothed flat metrics) differ. Note, however, that the cusp was chosen 
exactly at the conical point, so ?i;(0) ~ wo(0) = 0. Also, since w are holomorphic 
coordinates in a neighborhood of a point Pj of a regular Riemann surface S, one 



has 



dw 



dc 



dwo 



^0. 



7^ 0. Similarly 

C=o dC 

By assumption 0<(S<Ce^i?<Cl. 
following domains (see also Figures |9]) 

(1) e<\w\; 

(2) e' < \w\ < e; 

(3) < e' but S < |C|; 

(4) S' < Id < <5; 



We subdivide the disc |d < R into the 
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(5) Id < S'. 

and we perform integration over domains (l)-(5) in parallel with integration over 
analogous domains defined in terms of wq. 

6.3.1. Integration over a cusp: the domain \w\ > e. First note the following ele- 
mentary formula from calculus: for any constant C > 



(6.5) / 

J r 



|2 



— > as r ^ +0 



r<|C|<Cr ICl^log Id 

In other words, while the corresponding integral over a disc diverges, an integral 
over a contracting annulus tends to zero as soon as a modulus of the annulus remains 
bounded. 

Now consider the smallest annulus 

(6.6) A{e) := {( such that r(e) < |d < C{e)r{e)} 

containing both curves \w\ — e and |wo| = £• Clearly r(e) — > as e — > +0 and C{e) 
is uniformly bounded by some constant C for all sufficiently small values of e. 

Now let us compute the difference of the integrals ()6.3|) over the domain Iwl > £ 
and integrals over the corresponding domain \wq\ > e. Our computation mimics 
one in the previous section. In particular, our integrals (j6.3p are reduced to 




\i\<R^ '^^^'yP ~ J\C\<R 'f'O^dhyp 
'j\>e |uio|>6 

where 

(6.7) (/)=(d + 2)(log|d)(l + o(l)) 0o = (d + 2)(log|d)(l + o(l)) 
in our domains. Decomposing the domains of integration we can proceed as: 



\w\>e \wo\>£ 



(0-0o) dghyp- / {(t)-M dghyp+ L^^,. <pdghyp- , . dgtyp 

By (|6.2I) the difference ((/> — (/)o) is regular in a neighborhood of a cusp, so its 
integral over a small disc {|d < *"(£)} tends to zero as e tends to zero. We can bound 
from above absolute values of each of the remaining two integrals by the integrals 
of 101 and |(/)o| correspondingly along a larger domain A(e), see (|6.6I) . Taking into 
consideration (|6.7p and (|6.5p we conclude that these two integrals also tend to zero. 

Hence, after passing to a limit e — ^ integration over the domains w > e and 
vjQ> £ compensates a missing term 



1 



I dghy 



UOj(R) 



(lOl) 
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6.3.2. Integration over a cusp: the domain e' < < e. In the annulus e' < |w| < e 
we have 



9flat,e = Pflat,e{\w\) \dw\ 



9hyp,S —9hyp 



ICPiog'ICI 



dc 



dw 



= exp(202) \dw\ 
= exp(20i)|dw| 



where 



(t>2 = -log Pflat,e{\w\) 

01 = - log Id - log log Id + log 



dC 



dw 



An elementary calculation shows that 
d 



'J2 = —■ log \ w\ + regular function of w and w 



(6.8) 



log \w\ — log log |w| + O 



\og\w\ 



1 



1 + 



|wp log^ \w\ V ' Vlog \w\ 
Applying formula (|6.ip to the first integral in (|6.3p we obtain 



(6.9) / 4>{/^g,^^^,4>-2Kg,^^^,)dghyp,s 

Je'<\w\<e 



e'<|tu|<e 



2A(?!)2 — '/>iA(/)i + 4'2^4'i ~ 4'i^4'2) dxdy , 



An expression (f>2^4>2 in (|6.9p does not depend on ^ or d Hence it coincides with 
the corresponding expression for wq, and the difference 



62 A(^2 dxdy 



e' <\w\<€ 



b2^4>2dxdy = 



e' <\w()\<e 



is equal to zero. This term produces no contribution to the difference of integrals 
in 

By assumption the ratio e/e' is uniformly bounded (and, actually, can be chosen 
arbitrary close to one). Hence, estimates (j6.8|) combined with formula (|6.5p imply 
that 



L 



e' <\w\<e 



e' <\w\<e 



6iA0i dxdy — 



b2^4>i dxdy 



as e tends to zero, and these two terms produce no contribution to the difference 
of integrals in (|6.3p either. 
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Finally, 
(6.10) 



biA(f)2dxdy = 



e'< l^iJ I <£ 

27r 



27r 



d9 



1 • 

27r 



r dr 



dr 



1^ 



4>2{t) Tdr 







/ or ar 



Recall that 4)2{r) = -log pflat,e{r), where pflat,e{r) is defined in p.lSp . In par- 



ticular, 



r ■ (b'2ir)\r=e' ^ 



and 



ar 



d9=- 
2 



27r 



(/.i(r, 61) d9 



— log- e — log- log e + O 



1 



d6i = 



loge 

ird (log e + log log e 



O 



loge 



where we used expression (j6.8p for 0i. Once again, the fist term in the above 
expression will be compensated by an identical term in the corresponding expression 
for wq, while the second term in both expressions tends to zero. 
It remains to evaluate the difference of the integrals 

f.27r 



3.11) 



d9 



/ or or 



for w and for wq. 

By construction 13.151 of Pflat.e{i')^ the maximum of the absolute value of its 
derivative on the interval e' < r < e is attained at r = e where p'^^^ ^(e) — de'^~^. 
Also, by construction of Pflat,e{f)^ the minimum of its value on the interval e' < 
r < e equals e'* • (1 + o(l)). Finally, by our choice of e' and e we have e/e' — >■ 1 as 
£ — >■ 0. Hence 



3.12) 



max 

e'<r<e 



dr 



max 

e'<r<e 



r d log p flat, e 

2 



dr 



^ e ^ maxe'<r<e \p'flatjr)\ 

~ 2 min^, <r<e Pflat,e{r) 



e de"-' d 
2-e'^(l + o(l)) = 2+°(^) 



Now, 



Note that 



log Id - log log Id - log 



dw 



dw 



dc 



= log 



dw 



log log Id 



-T-rC, ^ w ■ fi{w) C^wf2{w) 
dC 
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where fi{w), f2{w) are holomorphic functions different from zero in a neigliborhood 
of w = 0. Hence 



d_ 

dr 



loa 



dw 



- + 0(1) |-loglog|C| = ^ ^— - 

r or logr + C(lj 



1 



0(1) 



Taking into consideration estimate (|6.12|) this imphes that the difference of the 
integrals (|6.1ip taken for S and Sq is of order 

^/ r log r 

which tends to zero as e — >■ since e'/e is bounded (and, actually can be chosen to 
tend to zero). 

We conclude that in the limit the difference of integrals (j6.3|) over the domains 
s' < lu^l < e and e' < \w()\ < e is equal to zero; in particular, it produces no 
contribution to the formula (I3.23p . 

6.3.3. Integration over a cusp: the domain where \w\ < s' but |(^| > S. The compu- 
tation of the difference of integrals (|6.3p over the domains {\w\ < e'} n {|C| > S} 
and {\w\ < e'} n {|C| > 6} is analogous to the one in section 15.3.11 In particular 
the difference of the integrals for these domains tends to zero as i? — > and hence 
it produces no contribution to the formula (j3.23l) . 

6.3.4. Integration over a cusp: the annulus 5' < |C| < S. In the annulus d' < \C\ ^ S 
we have 

gflat.e = COnstflat^e Mu'P= exp(2(/)2) |dC|^ 

ghyp,s = Phyp,s{\C\) MCP = exp(20i)|dCP 



where 



h = 2^°S const flat,e + log 



dw 



dC 



In particular, A(/)2 — 0. 

Applying the formula (|6.ip to the first integral in ()6.3|) we obtain 



(6.13) 



5'<|C|<<5 



(t)i^gHyp,s(f'- '2Kg^^^_,)dghyp,5 



(5'<|C|<5 



-0iA0i + 02A0i) |dCp 



/(5'<|C|<5 

The expression in (j6.13p does not depend on w or w. Hence it is annihilated 

by the corresponding expression for wq. 

It remains to compute the integral of (j)2^4>i- Similarly to the analogous com- 
putation (I6.10p we get 



'S'<\w\<5 



02A01 |dC|' 



dO 02 r- 



dr 



d(j)2 d(j)i 
dr dr 
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Note that 



5</.i 1 9 , , , 



dr 2 dr 
By definition p.2ip of Phyp,s{r) we get 



dr 
Hence 

Jo 



r—S' 



= 



dr 



d 

-7^(logr + loglogr) 
r=s or 



r—6 



1 



6 5 log 5 



>2 ■ r 



dr 

■2-ix I 







log COnstflat,e + log 



dw 



dC 



-TT log COnstflat,e 1 



C=<5e'' 
1 



1 



1 



los(5 , 



log 5 
27r log 



d6l 



-o{l] 



Evaluating the difference with the corresponding integral for wq and passing to 
a limit as 5 ^ +0 we see that these terms produces the following impact to 



■ 27r log 



127r 

It remains to evaluate the integral 



dwQ 




- log 


dw 












) 


dC 


C=o 




dC 







0(p2 Ocpi 

g, or Or 



Recall that 



1 



mm phyp^sir) = PhypA^) ^ , 2 . ' 

d'<r<d 6'^ log 



see the definition (I3.2ip of the monotone function Phyp,s{r)- Note also that by 
definition phyp,s{r) has monotone derivative, so 



max 

S'<r<S 



d 



dr' 



-Phyp.sir) 



^PhypAn 



r—S 



log (5 



Hence 





d^i 


1 


max 


dr 


= — max 


S'<r<S 


2 S'<r<& 









— log PhypAr) 



1 

— max 



-^PhypAr) 



2 5'<r<S I log phypA'^n 



< 



ma.xs'<r<s 



< 



Q^PhyvAr) 



1 1 



\ {} + logs) 



2 \logmms' <r<s PhypA^)\ 2 



log 



1 



,52 log^iS^ 



1 |l + log^| 

4(5 I log (5 (log 5 + log I log I 



.= 0(1) 
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"2 . 



Since the function -- — is regular, we conclude that the integral 
or 



gt or Or 



tends to zero as 5 tends to zero. 



6.3.5. Integration over a cusp: the disc \Q\ < 6' . In the disc \(^\ < 6' we have 

gflat,e = const flat^e \dw\^^ exp(2(/)2) MCl^ 
9hyp,5 = consthyp^s MCP = exp(2</)i)|(iCp 

where 

dw 



dC 



4>2 = 2^°S const flat, s + log 

1 

(j)! = -log const hyp, 5 
Hence A(j)i = A(f)2 = and the integral 

(</>2A</>2 - (f>iA(f>i + (f>2A(j)i - 0iA</>2) MCP 

C\<S' 

is identically equal to zero. 

Applying the formula ()6.ip we conclude that integrals over this region produce 
no contribution to the difference of integrals in (|6.3p . 

Combining the relation (|6.4p with the estimates from sections |6 . 3 . H - l63?5l we get 
the formula (|3.22l) . Theorem |6] is proved. □ 



7. Comparison of relative determinants of Laplace operators near 
the boundary of the moduli space 



In notations of Theorem [7] define the following function: 



(7.1) E{S,So) 



4> dguyp 



So 



2nJ2 (log 



— (P) 
dC 



los 



dC ^ 



Here w denotes the coordinate defined by equation p.l3|) in a neighborhood of a 
conical point and C is a holomorphic coordinate defined by equation p.20p in the 
neighborhood of the same conical point. By equation p. 231) from Theorem [H] one 
has 

log det Aflat {S, So) ~ log det A,,,^^ (5, ^o) = E{S, So) . 

In this section we estimate the value of £'(5', So) and prove Theorem [T] 

We will actually prove a stronger statement, which is in some ways best possible. 
Recall the thick-thin decomposition for a quadratic differential which was defined 
in gH 
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Theorem 11. Let S E Qi{di, . . . ,dn), So G Qi{di, . . . ,dn) be flat surfaces, and 
let Yi, . . . , Ym be the S-thick components of S. Let Z{Yj) denote the subset of zeroes 
and poles which is contained in Yj (so that 1J"1]^ ^{Yj) ~ {di, . . . , dn} ). Then, 



E{S,So) 




-2^x{Yj) 



E -d 



47r 



logA(y,) 



<C, 



where x(Yj) ^■s Euler characteristic ofYj (considered as a surface with boundary 
which is punctured at all point of Z{Yj)), A(Yj) is the size of Yj (defined in SQ), 
and C is depends only on 5, the stratum Qi{di, . . . ,d„) and on Sq. 

For each stratum, wc should consider 6 > and 5*0 as fixed. In this sense, the 
constant C in Theorem II II depends only on the stratum. 

We note that Theorem [TT] immediately implies Theorem [71 since by Lemma HTTl 
for any thick component Y of S, ifiat{S) < A(Y') (and since S is normahzed to 
have unit area, X{Y) = 0(1)). 

Example 7.1 ( Two merging zeroes). Consider the following sequence of flat surfaces. 
Take a flat surface with a zero P of order d, and break this zero into two zeroes 
Pi, P2 of orders c?i + ^2 = by a local surgery in a neighborhood of P, see |EMZ| 
for details. Consider a sequence of surfaces Sr isometric outside of a neighborhood 
of Pi, P2 such that the saddle connection joining Pi with P2 contracts. 

Pi-^ P2 




Figure 10. A simple saddle connection in the flat metric pro- 
duces in the underlying hyperbolic metric a pair of pants with two 
cusps. Contracting the saddle connection we pinch the pair of 
pants out of the main body of the surface. 

For the underlying hyperbolic surface we get a "bulb" in the form of a pair of 
pants Yr growing out of our surface. This pair of pants has cusps at the points 
Pi , P2 and is separated from the main body of the surface by a short hyperbolic 
geodesic homotopic to a curve encircling Pi , P2 , see Figure [TOl Clearly, the size 
of Yr satisfies X{Yr) = 2£flat{Sr), where iflatiSr) is the length of the short saddle 
connection joining Pi and P2. The size of the main body of the surface stays 
bounded. The Euler characteristic of the pair of pants Yr is equal to minus one. 
We assume that Sr has no other short saddle connections. Applying Theorem [TTl 
we get 

EiSr,So)= (l + ^^ + ^^y2n\logeflat{Sr)\+0{l) 
where the error term is bounded in terms only of the orders of the singularities of 

Sr. 

Remark. A degeneration merging two zeroes into one was recently treated by 
A. Kokotov in much more detail, see |Kkl) . 
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7.1. Admissible pairs of subsurfaces. Suppose Y C S and Yq C 5*0 are subsur- 
faces. We say that the pair {Y,Yo) is admissible if Z{Y) = Z{Yq) (i.e. the degrees 
of the zeroes and poles in Y and Iq a-re the same). We now introduce the following 
notation: for an admissible pair {Y, Yq), let (in the notation of (|7.ip ). 



E{Y,S;Ya,Sf)) = l^j 4>dghyp 



Yo 



dghyp 



27r (log 

P£Z(Y) 



log 



If Z{Y) = 0, we let 



Let 



I{Y,S)^ j^ct^dgh 



/ V7er(5) 

be an ((5, 7])-thick-thin decomposition of S (as defined in ij44]). We now choose a 
decomposition 5*0 into a sum IJJl]^ Y- such that the the subsurfaces Y- have pairwise 
disjoint interiors, and also all the pairs {Yj(ri),Yj) are admissible. Then, it follows 
immediately from the definitions that 



j=i 7er(5) 

Our proof of Theorem [TT] will be based on (|7.2I) . We will estimate the terms on the 
right-hand-side of (|7.2p in the following subsections. 



(7.2) 



7.2. Estimate for the thick part. 

Lemma 7.1. Suppose S,So G Qi(di, . . . , d„), and {Y,Yo) is an admissible pair, 
where Y d S , Yq d Sq and Y is S-thick. Then, 



EiY{7j), S; Yo, So) - Arcahyp{Y {v)) + ^ 



An 



Pez{Y) 



d{P) + 2 



logA(r) 



where C depends only on S, rj, Yq, So- 



Proof. Let i? > be as defined in the beginning of §431 In this proof we will say 
that a quantity is uniformly bounded if it is bounded only in terms of 5, rj, Yo, So 
and R. Write 5 = (C, q), and let q = XiY)-'^q. Then, 

(7.3) 0(g) = (/)(q)- log A(r). 

Let P e F be a zero or first-order pole of q. Let C, be the local coordinate near P 
as in (I3.20p . and let w be the local coordinate near P as in (I3.13p . Let w be the 
local coordinate near P as in (I3.13p . for q instead of q. Then, 

w = A(y)-2/('^(^H2)^^ 

where d{P) is the degree of P. Hence, 



(7.4) 



log 



dw 

dC 



diP) + 2 



log A (F) 4- log 



dw 



(P) 
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Let S — (C, q) and let y C be the corresponding subsurface (so the flat metric 
on Y is scaled to have size 1). Note that Y and Y have the same hyperbolic metric. 
Then, by and (d]), 



E{Y{r]),S;Yo,So) 



EiYirj), S; Yo, So) - KmUhypiY {r,)) + ^ 



47r 



d{P) 



logA(r). 



Thus, it is enough to show that E{Y{t^), S; Yq, Sq) is uniformly bounded. We may 
write 

E{Y{fi),S-Yo,So)=I -27r ^ J(P), 

Pez{Y) 

where 



/ = 



Yin) 



(t'iQ) dghyp - / 00 dghyp 



and 



= log 

Let 0{R) = {Jpez(Y) Op{R). We have 



log 



,7.5) / = / 



Y(n)~0(R) 



(t^ig) dghyp 



/ 00 dghyp + X! / 



(0(g) - 0o) rfg/iyp 



By Proposition 231 0(9) is uniformly bounded (i.e. bounded depending only on S, 
rj, R and the stratum); therefore, so is the first integral in (17. 5p Also, obviously the 
second integral in (j7.5p is uniformly bounded, since it is independent of q. To bound 
the third integral, note that 4>{q) — 0o is a harmonic function of the coordinate C of 
p.20p . and by Proposition 14.11 0(q) — 0o is uniformly bounded on dOp{R); then 
by the maximum principle, 0(q) — 0o is uniformly bounded on all of Op{R). This 
shows that the third integral in ()7.5p is uniformly bounded. 

It remains to give a uniform bound for J{P) for each P. We may write 



(7.6) 



q = w''{dw)' = f{C)C'{dO' 



where ( is as in (I3.20|) so C = corresponds to the point P, d is the degree of P, 
and /(C) is some holomorphic function which has no zeroes in Op{R). Then, we 
may write 



and taking the limit as C 



dw 

we get 
dw 



= /(C) 



C-0 

w-O 



d( 



After taking logs, we get 



log 



dw 



(0) 



d + 2 



log|/(0)|. 
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In view of (|7.6p and explicit formula (|3.20p for the hyperbolic metric in terms of C, 
the conformal factor of q can be written as 



(7.7) m = l^og 



fiCK' 



(ICPVlCI)^ 

By Proposition 14.11 (j){q) on dOp{R) is "uniformly bounded", i.e. bounded by a 
constant depending only on 5, rj, R and the stratum; then by (|7.7p . log|/(C)| is 
also uniformly bounded on dOp{R). Thus, by the maximum principle, log |/(0)| is 
uniformly bounded. □ 

7.3. Estimate for the thin part. Let A,y{rj) be a thin component of the {5,rf) 
thick-thin decomposition of a flat surface S = (C, q) (see i j4.4l) . Recall that a ((5, -q)- 
thin component is represented in the flat metric either by a flat cylinder 

or by an expanding annulus (see 21 for definitions). Let \+{A^) and \-{A^) 
denote the sizes of the (5-thick components on the two sides of A^{rf). 

Lemma 7.2. Suppose A^(»y) Suppose Ay is represented in the flat metric of S by 
a flat cylinder, of height h and width w (so that the flat length of the q-geodesic 
represtative of j is w ). Then, 

|logA+(A^) - logwl < C" and | log A+(A^) - logw| < C", 

where C depends only on 5, rj and the stratum. 

It is important to note that Lemma l7.2l holds only because we consider the zeroes 
of the quadratic differential q to be punctures (in the hyperbolic metric). Without 
this assumption. Lemma 17.21 fails, and part (a) of Lemma 17.31 below needs to be 
modified. 

Proof of Lemma \7.S\ In this proof, the constants Ci will depend only on the genus, 
the number of punctures and the parameters 5 and rj of the thick-thin decomposi- 
tion. Let Fj be the flat cylinder representing 7, and let 71 and 72 denote boundaries 
of F~^. For i = 1,2, let Yi denote the (S-thick component on the other side of 7^. 
Since 7; C dYi, we must have X{Yi) > ciw. Note that 7^ passes through some singu- 
lar points. Choose < e <C w, and consider the e-neighborhood 7i(e) of 7^ in S (in 
the flat metric) . Then at least one boundary component of 7^ (e) is not contained 
in Fj-, we call the longest such boundary component /3i. Then, iflatif^i) ~ w. Note 
that /3i is not homotopic to 74 (because of the punctures). If /3i is not essential in 
Yi then is a graph and X(Yi) = w. If /3i is essential, then by the deflnition of size 
and the Theorem of K. Rafl (see g]), X{Yi) sa tflatiPi) ~w. □ 

Lemma 7.3. Suppose the constant 5 defining the thick-thin decomposition is suf- 
ficiently smalll (depending only on the genus and number of punctures). Then, for 
any {S,rj)-thin component A-y{ri) of a flat surface S the following holds: 

(a) Suppose A.y{ri) is represented in the flat metric by a flat cylinder height h 
and width w (so that the flat length of the q-geodesic represtative of j is 
w). Then 

thyph) W 

where the implied constant is bounded only in terms of 5, rj and the stratum. 



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 



75 



(b) If A-y{ri) is represented in the flat metric by an expanding annulus, then 

Cl < ihyph) |log A+(yl^) - logA_(A^)| < C2 

where ci > and ci > ci depend only on S, rj and the stratum. 
In addition, 

(c) There is a constant Mq > (depending only on S and the stratum) such 
that any flat cylinder of modulus at least Mq contains a hyperbolic geodesic 
of length at most S. 



Proof. The statement (c) is classical, see e.g. |Hul Proposition 3.3.7]. The state- 
ment (b) is due to Minsky [Mil §4], see also |R31 Theorem 3.1]. (The discussion 
in |R3j is in terms of extremal lengths, but recall that for very short curves, the 
extremal length is proportional to the hyperbolic length [Ma]). 

The statement (a) is standard, but since we found it difficult to extract it in the 
precise form we need from the literature, we give a sketch of a proof below. (Similar 
results can be found in [Be, , [M2t §6], jW2p . As in the proof of the previous lemma, 
the Ci denote constants depending only on the stratum and the parameters S and 
77 of the thick-thin decomposition. 

Let Yi{ri) be as in the proof of Lemma 17.21 and let Y^{ri) denote Yi{ri) with 
neighborhoods of the cusps removed (with the cuts along horocycles of length 77). 

Let ai denote the boundary curves of Aj(r]). We do not know the precise position 
of the ai in the flat metric. However, we claim that 

(7.8) for all p € a^, dfiat{p,li) < C2W . 

To see this, note that F/(r/) cannot be completely contained in the interior of 
for topological reasons. Therefore, there exists a point Xi £ Y^'{ri) such that Xi is 
not in the interior of F^. Suppose p d ai. Since the hyperbolic diameter of Yl^rj) 
is bounded by a constant C3, there exists a path \xi,j} C Yl{ri) connecting Xi to p 
of length at most C3. But then. Lemma [72] and Proposition 14.11 implv that the flat 
length of Xxi,j} is at most c^w. Thus, ai cannot penetrate farther then CiW into F^. 

To complete the proof of (|7.8|) it remains to show that ai cannot get far from 7^ 
outside of F^. This is done by a similar argument. Note that the hyperbolic length 
of ai is bounded by a constant C5; therefore by Lemma 17.21 and Proposition 14.11 
f-flaticni) < cqw. But ai must separate the singularities on the boundaries of ji from 
the deep interior of the cylinder (i.e. the curve 7). Therefore, (|7.8I) follows. 

We note that as a consequence of (|7. 



(7.9) Area/iat(A(^)) < hw + cjw^ . 

Choose cg > C2, and let A' denote the flat cylinder obtained by removing the cgw 
neighborhood of the boundary from F^. Then, by (|7.8p . A' C A^yirf). 

Recall that the extremal length of a family of curves P on a surface C is defined 
to be 

(7.10) Ext(P) = sup inf -r-^^^^. 

p 7erAreap(C) 

The suprenium in (|7.10p is taken over all the metrics in the conformal class of C . 
The extremal length is a conformal invariant, and the modulus of an annulus is the 
1 over the extremal length of the family of curves given by the homotopy class of 
the generator of the fundamental group of the annulus. 
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Clearly, if Ti C T2 then Ext(ri) > Ext(r2). Then, since A' C Aj{r]), we have 
(7.11) Mod(A') < ModiA^ir])) 

The cylinder A' is flat, and so 

h — cgui 



(7.12) 



Mod(yl') = 



w 



h 

Cg. 

w 



Also by the explicit formula for the hyperbolic metric in a cylinder (see [Hu[ pages 
25-26 and page 72] and also the proof of Lemma [7.41 below) . 

(7.13) Mod(A^(r;)) = -^-C9, 

^hyph) 

where Cg depends only on 77. 

It remains to bound Mod(^-y(?7)) from above. We now apply the definition (|7.10p 
of extremal length to the family of curves F" which consists of curves homotopic to 
7 and staying within A" . We get, by choosing the flat metric for p and using (|7.9[) . 



Mod(A^(r;)) 



Ext(r") > 



> 



Area, flat {A^iv)) hw + c-jw"^ 



Hence, 
(7.14) 



Mod(A^(77)) < - + C7. 



w 



Now part (a) of the lemma follows from ^(TlA) . ((7?T^ . (TTTO)) and (fTTi)) . □ 

Let r((5), 7(74^(77), 5) be as defined in WTW 
Lemma 7.4. For any 7 G r((5), 

I{A^{ri),S) - i Area,,j,p(A-,(7;))(logA+(yl^) +logA_(yl^)) < C, 

where C depends only on 5, rj and the stratum. 

Proof. Choose coordinates in which A^ is represented by a rectangle < a; < 1 ; 
~h/2 <y < h/2, see Figure [TT] 




h 
2 



Figure 11. Parametrization of a hyperbolic cylinder 

The hyperbolic metric on A^ is represented in our coordinates as follows (see 
[Hul pages 25-26 and page 72]): 

2 



(7.15) 



dy' 
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In this hyperbolic metric the hyperbohc geodesic 7 representing a waist curve of 



the cyhnder (the circle y — 0) has length Ihypi'^) — j^- We assume that the modulus 
of the cylinder is very large, so lhyp{l) ^ 1- 

Cut the flat cylinder at the vertical levels f ^ J/o and — (-^ — yo)i where parameter 
2/0(77) is chosen in such way, that the hyperbolic length of the boundary curves would 
equal to 77. As usual, we assume that lhyp{l) -^rj <^\. It is easy to see that 



sm 



\ h ' rjh 



so 



(7.16) 



2/0 



h TT 

— arcsm — 
TT r]h 



1 

V 



Then, A^(ry) is represented in our coordinates by the rectangle 0<a::< 1, —{h/2 — 
yo)<y<ih/2~yo). 

The cylinder ^7(77) is subset of our surface S. As such, it inherits a flat metric 
from the quadratic differential q on S. We may write 

q^yj{z){dz)\ 

where z = x + iy, and ipiz) is holomorphic. Note that ip has no zeroes on ^7(77) 
(since zeroes of ip correspond to zeroes of q which will become cusps in our hyper- 
bolic metric). By (|7.15p . the conformal factor (l){q) is given by: 



(7.17) 



Hq) = ^ log 



iy) cos(^?/)- 
n TT 



Consider the values of (j){q) on the boundaries of ^7(77), i.e the segments /3i = 
[0, 1] X {h/2 ~ 2/0} and /32 = [0, 1] x {-{h/2 - yo)}. Let be the size of the thick 
component on the other side of Pi from ^7(77). Then, by Proposition 14. 11 we have 
for i = 1,2, 



(7.18) 



|</)(g)-logA,| <C, 



where C is bounded in terms of (5, 77 and the stratum. Then, combining (j7.18l) . 
([TTtI) . and ((7T6)) we get 



(7.19) 



2 loglV'l^:) 



logAj 



< C 



on /3i, 



where C" is bounded in terms of rj, 5 and the stratum. 
Let 



(7.20) 



/(z) = -log|V(z)| 



log Ai + log A2 _ (logAi - logA2)7/ 
2 {h - 2yo) 



Then, /(z) = ilog|7/;^(z)| - A, on ft. In view of (TTTO)) . we have f{z) = 0(1) on 
9^7(77). But / is harmonic, and thus in view of the maximum principle, f{z) — 0(1) 
(i.e. bounded in terms of 6, 77 and the stratum) on all of ^7(77). Substituting (|7.20p 
into ()7.17p . we get 



(7.21) 0(g) - 



log Ai + log A2 (log Ai - \ogX2)y 1 
2 [h - 2yo) 2 



log 



TT h 

cos{-y)- 
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We now multiply both sides by the hyperbolic metric (see (|7.15p ) and integrate 
both sides over the rectangle [0, 1] x [—{h/2 — yo), {h/2 + j/o)]- We get 

(7.22) /(A(r/), 5) = l"S^i+l°S^2 Areaft^p(A^(^)) + 12 + h + h 

where /2, /a and 1^ are the contributions of the second, third and fourth terms in 
(|7.2ip . An easy exercise (using the change of variable u = Try/h) shows that j/sj 
is bounded in terms of -q, and by construction, /4 < sup 1/(^)1 Area/ij,p(^^(77)) is 
bounded in terms of (5, rj and the stratum. It remains to bound l2- We have 



I/2I = 



I log Ai - log A2 



{h-2y^) Jo cos2(f ) 



V y } 



logAi - logAalyT -TT-: \ ^ using w = 7ry//i 



^ [logAi -logA2| A yo\-^ " ""^^ 

~ /l \ hJ I »Q"^ COS^M 

llogAi-logAsI . 
< C[T]) usmg ()7.16p 

In the flat metric given by q, the cylinder A~^(ri) may be represented by a flat 
cylinder or an expanding annulus. In the case of a flat cylinder, by Lemma 17.21 

|logA2-logAi| <C, 

where C is bounded in terms of S, rj and the stratum. Since 7 is assumed to be 
short, in view of Lemma FTSl fa), h is large, and thus I/2I is bounded in terms of 77, 
S and the stratum (it actually tends to in this case). 
In the case of an expanding annulus, by Lemma 17.31 (b), 

- = -r~~n; ~ |logA2 -logAil. 

1" (hyph) 

This, shows that in this case, I/2I ~ | log A2 — log Ai|//i is also bounded in terms of 
6, rj and the stratum. This completes the proof of the lemma. □ 

7.4. Proof of Theorem nil The theorem follows almost immediately from (|7.2p . 
Lemma 17.11 and Lemma 17.41 It remains only to note that for any thick component 
Y CS, 

Area.hyp{Y{r])) + ^ X! ^^f^^hypiAjirj)) = Area.hyp{Y) = -27rx(F) 

where the last equality follows from the Gauss-Bonnet theorem (since the geodesic 
curvature of dY is 0). This completes the proof of Theorem [TT] 



8. Determinant of Laplacian near the boundary of the moduli space 

8.1. Determinant of hyperbolic Laplacian near the boundary of the mod- 
uli space. The proof of Theorem[8]is based on the following result of R. Lundelius, 
see [Lu) . Theorem 1.2. This result generalizes an analogous statement proved by 
S. Wolpert in [Wlj for surfaces without cusps. 



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 



79 



Theorem (R. Lundelius). Let Ct be a family of hyperbolic surfaces of finite volume 
which tend to a stable Riemann surface Coo as r —> oo. The surfaces are allowed 
to have cusps, but do not have boundary. Let Cq be a "standard" hyperbolic surface 
of the same topological type as each Ct ■ Then 

(8.1) - log I det Ag,^^ (a, Co)| = ^ + 0(- log4,p(a)) + 0(1) 

as T — )• oo. Here lr,k are the lengths of the pinching hyperbolic geodesies, and 
ihypiCr) is the length of the shortest hyperbolic geodesic on Ct- 

Remark 8.1. The definition of relative determinant of the Laplacian in the hyper- 
bolie metric used in [Luj differs from ours. However, it was shown to be equivalent 
by J. Jorgenson and R. Lundelius in [JLj . 

Remark 8.2. Note that the original formula of R. Lundelius contains a misprint: 
the coefficient in the denominator of the leading term in Theorem 1.2 of |Luj is 
erroneously indicated as "6" compared to "3" in formula (|8.ip above. The missing 
factor 2 is lost in the computation in section 3.3 "Analysis of the cylinder" of |Lu| . 
The author considers there a flat cylinder obtained by identifying the vertical sides 
of the narrow rectangle [0,1) x {21, tt — 21), where < I <^ 1, in the standard 
coordinate plane and describes the eigenfunctions of the Laplacian on this flat 
cylinder with Dirichlet conditions as 



27rnu\ / 2T:mv\ 



while they should be written as 

. / 27rnu\ . /"!Tmv\ 



sm 



V I 



-) (- 



and 



and 



f 2'Knu\ [ 2Timv\ 
cos I — ; — I sm I 1 



a / 



( 2'Knu\ /TTmv 



with n € N and m g NU{0} (page 232 of :Lu) ) . The rest of the computation works, 
basically, in the same way as in Lu except that the resulting asymptotics for the 
determinant of Laplacian on on this flat cylinder is get multiplied by the factor 2 
producing: 

3/ 

(The original paper has "6" in the denominator of the fraction above. 



log I det Aflatl 



0(log/). 



It is immediate to recast the above Theorem of R. Lundelius as a uniform bound: 

Corollary 8. Let C, Cq be two hyperbolic surfaces of finite volume and the same 
topological type. The surfaces are allowed to have cusps, but do not have boundary. 
Let 5 > (depending only on the genus g and the number of cusps n) be such 
that any two curves of hyperbolic length less than S are disjoint. Then, there exists 
Ci > (depending only on g, n, S and Cq) such that 



(8.2) 



log|detA,,„^(C,Co)| + ^ 



1 



3 ,t^is) ^'^yp^^^ 



<Ci{l + \\0gihyp{C)\) 



Here T{5) is the set of closed geodesies of length at most 6 (so the cardinality of 
T{5) is at most {3g — 3 + n)), and ihypiC) is the length of the shortest hyperbolic 
geodesic on C . 
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Proof of Corollary \^ The proof is by contradiction. If such a constant ci did not 
exist, then there would exists a sequence C't with fixed topology such that 



(8.3) 



1 



1 



\\0g e,yp{Cr)\ 



logldetA,,^ fa,Co)| 



1 



3 ,ir.) ^'^-(7) 



The existence of the Deligne-Mumford compactification implies that (after passing 
to a subsequence) we may assume that the sequence Ct tends to a stable Riemann 
surface Coo- Then, from (18. ip we see that the left-hand-side of (|8.3p is bounded. 
This contradicts (lOl). □ 



8.2. Proof of Theorem [HI We start with the following preparatory Lemma. 

Lemma 8.1. Consider a stratum Q{di, . . . , dn) of meromorphic quadratic differen- 
tials with at most simple poles (the case of global squares ofl-forms is not excluded). 
Let iflat{S) be the length of a shortest saddle connection on a flat surface S; let 
(■hyp {S) be the length of the shortest geodesic in the canonical hyperbolic metric with 
cusps in the conformal class of S. 

The following estimate is valid for any flat surface S of unit area in the stratum: 

\log£hypiC)\=0{\\ogeflat{S)\) 

where 

0{\ logeflat{S)\) < 2| \og£flat{S)\ + C{g,n) 

with C{g,n) depending only on a genus of S and on the number n of zeroes and 
simple poles of the quadratic differential. 



Proof. It is straightforward to deduce this lemma from Lemma |7.3[ but we find the 
following argument more illuminating. Recall that the extremal length of a curve 
7 on a Reiniann surface C is defined to be: 

Ext(7) = sup inf ^"^"^^ 



p ael-r] Areap(C) ' 

where the inf is over the homotopy class [7] of 7, and the sup is over all metrics in 
the conformal class of C. Letting p be the flat metric on C we get 

Ext(7) >^/j,t(7)2. 

It is a well known fact (see e.g. [Ma ) that for sufficiently short curves, the hyper- 
bolic length is comparable to the extremal length. Then, taking logs completes the 
proof of the lemma. □ 



Proof of Theorem\^ We choose 5 > so that Lemma [7.31 holds, and also Corol- 
lary[5|holds. Choose M > Mq where Mq is as in Lemma [7751 (c). As above, let r(i5) 
denote the simple closed curves of hyperbolic length at most S. Let denote the 
simple closed curves which are represented in the flat metric by a flat cylinder of 
modulus at least M. Then the sum in (|8.2p is over 7 G T{S), while the sum in the 
expression p.25p in the statement of Theorem [8| is over 7 e T'j^j . By Lemma 17.31 
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(c), c m. 



Let 

2 
3" 



^hyp (7) 



E 



E 

7Gr(5)nr;, 



w;(7) 
M7) 



^;.ap(7) w(7) 



TT 

y 



E 

7Gr(5)-: 



We claim that 
(8.4) 



\£{S)\=0{\iflatiS)\). 



Indeed, since the number of terms in both sums defining £{S) is bounded by 3g—3 + 
n, it is enough to bound each term separately. If 7 G r((5) nT'^^ then by Lemma l7.3l 

(a), 

TT ^1(7) 



0(1). 



(-hypil) W(7) 

Now suppose 7 e r((5) — F^^. Since 7 e r((5), ^7(77) is represented in the flat metric 
by either a flat cylinder or an expanding annulus. If the representative is a flat 
cylinder, then, since 7 ^ F'^^, the modulus of the cylinder can be at most Af ; this 



implies by Lemma [731 (a) that 



is bounded in terms of M , i.e. 



0(1). 



If the representative of A~f{'q) is an expanding annulus, then by Lemma l7.3l (b). and 
Lemma 14. 1[ 



Therefore, in this case. 



log 



A- (A) 



< 



log 



0(1) 



eflatis) 



(7) 



0{\ \ogiflat{S)\). This concludes the proof of 



Now Theorem [5] follows immediately from Corollary|Sl Lemma I5T] and (|8.4I) . □ 



9. Cutoff near the boundary of the moduli space 

In this section we prove Theorem [9] establishing relation p.26p between the 
integral of Axeich log | det Aflat{S, So)\ over a regular invariant suborbifold Mi and 
the Siegel — Veech constant Corea(A^i) corresponding to this suborbifold. 

The only property of log | det Aj^Qt(S', 5*0)1 which we use in the current section 
is, basically, reduced to the asymptotic formula (I3.25|) from Theorem [51 This for- 
mula does not distinguish flat surfaces defined by Abelian differentials from flat 
surfaces defined by meromorphic quadratic differentials with at most simple poles. 
Thus, in the current section it is irrelevant whether a regular invariant suborbifold 
Ail belongs to a stratum of Abelian differentials or to a stratum of meromorphic 
quadratic differentials with at most simple poles. 

Recall that the Laplace operator associated to the hyperbolic metric of curvature 
—4 on Teichmiiller discs is defined on the projectivized strata PH(mi, . . . ,m„); it 
acts along the leaves of the corresponding foliation in PT-l{mi, . . . , m„). The relative 
determinant of the flat Laplacian det A flat{S, So) is defined for flat surfaces S of 
area one in the stratum 'Hi{mi, . . . , m„). Note, that det Aflat{S, Sq) is invariant 
under the action of S0(2,R). Using the natural identification 

PH(mi, . . . , m„) ~ Hi(mi, . . . , m„)/ S0(2, M) 

we may consider det Aflat{S, So) as a function on P'H(mi, . . . , m„). 
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In practice, it would be convenient to pull back all the functions to the stratum 
'Hi{mi, . . . ,mn) and work there. Throughout this section we consider only those 
functions on Hi (mi, . . . , m„) which are S0(2, R)-invariant. 

9.1. Green's Formula and cutofT near the boundary. We start by recalling 
Green's Formula adopted to our notations. 

Green's Formula. Suppose that /i : A^i — > M and /2 : A^i — > M are continuous, 
leafwise- smooth along TeichmiiUer discs, SO (2, 'M.) -invariant, and at least one of the 
functions has compact support. Then, 
(9.1) 



[l^Tetchfljfldvi . 
Ml 



I fl{^Teichf2)dvi = I {Vreichfl) ' {'^ Teich fl) dvi = I 
J Ml J Ml JA 

Let C be a flat cylinder. We denote its modulus by Mod(C). (Recall that the 
modulus of a cylinder with closed horizontal curves is its height divided by its 
width.) We denote the length of the waist curve (i.e. of the closed trajectory) of 
the cylinder C by w{C). For any point S G Mi, let CylxiS) denote the set of 
cylinders with modulus at least K. We shall always assume that K is large enough, 
so that condition (jl.2|) is satisfied. We also assume that K is sufficiently large so 
that the core curves of all the cylinders in CylxiS) are short in the hyperbolic 
metric, see |W2| or |W3| . Thus, the cylinders in CylxiS) are disjoint, and their 
number is bounded hy 3g — 3 + n. Let 

eKiS) = min w(C). 

CeCylKiS) 

We set ixiS)^ 1000 if CylxiS) is empty. 

As in Theorem [51 let iflat{S) be the length of the shortest saddle connection in 
the flat metric on S. Clearly, ifiatiS) < ixiS). 

Lemma 9.1. For any invariant suborbifold Mi, we have 

(9.2) i^i{{S e Ml \ eflatiS) < e}) < Ce\ 

where C depends only on Mi- 

In particular, (after summing the geometric series), we see that for any l3 <2, 

Proof. We use only the fact that i^i is an 5L(2, R)-invariant measure (and not the 
manifold structure of Mi). Let Ns{S,L) denote the number of saddle connec- 
tions on S of length at most L. By the Siegel — Veech formula applied to saddle 
connections |V3) . [EMI Theorem 2.2] we have for all e > 0, 

N,iS,e)di^i{S) = c,{Mi)-7Te\ 

Ml 

Note that if (fiatiS) < e, N^iS^e) > 1. It follows that 

iyi{{SeMi\£flat{S)<e})< f N,{S,e) d,,i{S) < c,{Mi) ■ 7Te\ 

J Ml 

□ 

Let Xe be the characteristic function of the set {5 G A^i | ixiS) > e}. 
Pick a nonnegative S0(2, IR)-invariant smooth function r/ : SL(2,R) -> R such that 
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/sL(2 K) '^(5) '^5 ~ ^^"^ ^ supported on the set {g | 1/2 < ||g|| < 2}. Here \\g\\ is 
the operator norm of g, viewed as a 2 x 2 matrix. Let 

(9.3) feiS):^ [ vig)Xe{gS)dg , 

JSL{2M} 

where dg is the Haar measure on SL(2,]R.). Note that since the functions rj is 
S0(2, R)-invariant, : Mi — >■ R is also S0(2, R)-invariant and thus quotients to 
f,:M2^ R. 

Lemma 9.2. The nonnegative function : A^i — > R has the following properties: 

(a) f,{S)=QifiK{S)<e/2. 

(b) fe{S) = l iftK{S)>2e. 

(c) fe is leafwise-smooth along Teichmiiller discs, and Vxeichfe o,'<^d ^Teichfs 
are bounded on Mi by a uniform bound independent of e. 

Proof. The properties (a) and (b) are clear from the definition. To see that (c) 
holds, note that for h{t) G SL(2,R) we can rewrite 

fe{hS)= [ v{g)xe{ghS)dg^ [ i^{gh-\t)) XeigS) dg 

JSL(2,R) JSL(2,R) 

and (c) follows since rj is smooth and has compact support. □ 

9.2. Restriction to cylinders of large modulus sharing parallel core curves. 

Let Cylj^{S) C CylK{S) denote those cylinders, which are parallel to the cylinder 
whose waist curve is the shortest. If there are two cylinders in CylxiS) with non- 
parallel waist curves of the same shortest length £k{S) we define Cylj^{S) to be 
empty. 

We define 

^^^(5):= (Mod(C)-i^), 

CeCylKiS) 

and 

^^(5):= J2 (Mod(C)-i^). 

By convention, a sum over an empty set is defined to be equal to zero. Thus, 
both functions ip and "0 are continuous, piecewise smooth, and S0(2, R)-invariant 
on A^i. Recall that it follows from our assumptions on K that the cylinders in 
Cylx^S) are disjoint, and their number is bounded by 3(7 — 3 + n. Since the area 
of any cylinder is at most 1, it follows that 

(9.4) ^^(5) < ^^{S) < ^^-^ . 

Lemma 9.3. Let Mi be a regular suborbifold, and f,, be as in i9.3\) . Then, 

^Teich logdet Aflat{S, Sq) dvi^ - ■ lim / Vreich'ip^ ■ '^Teichfe dvi . 
Ml -J ^^^JMi 

Proof. By assumption Mi is regular. Let / := logdet A^a4(S', 6*0). Note that 
fe{S) ^ 1 as £ -> 0. Then, by Green's Formula (igil . 

(9.5) / A Teich f dl^i = \im f ^ ATerchf dl^i ^ \im f Areichfe dvi . 
J Ml ^-^^Jm^ ^^^Jmi 
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Now, by equation p.25|) from Theorem [8] we have 

(9.6) fiS) = • V^(^) + 0{logiiflatiS))) , 

where we use that K ■ ca,id{CylK{S)) < (3g — 3 + n)K = 0(1) is dominated by 

0{\0gi£flatiS)))- 

Note that by Lemma the function Areichfe is bounded and supported on the 

set 

(9.7) Ml={S\ e/2 < £k{S) < 2s} . 

Since £flat{S) < £k{S), Lemma I^TT] imphes that 1^1(^41) — 0{e'^). Also, it follows 
from Lemma [9. 1[ that the function |log^/jat| is of the class L^(A^i,z/i). Then, by 
the dominated convergence theorem, we get: 



Therefore, 
(9.8) 



lim / I log I flat\ A Teichfe = ■ 
/ ATezchfdvi = - - • lim / Areichfe dvi 



By (HISl), we have -^vi{{S £ M\ \ ^p{S) > ^PiS)}) ^ as e ^ 0. By (HH), we 

get ip{S) = 0{e-^) on Ml Thus, 

TT /■ „ f ~ K 

--•lim / V Areichfedvi = -77- lim / Areichfediyi = 

TT f ~ „ 

= - • lim / Vreich'^ ■ ^Teichfe dvi . 



3 e->0 



Ml 



For the last equality we applied Green's formula to fe and i/'^- The function tj}^ 
is continuous on A^i and Vreichw is piecewise continuous, which is sufficient for 
the validity of Green's formula. □ 

Let Cyl{S,e,e/2) denote the cylinders on S for which the length of the core 
curve is between e/2 and s. 

Lemma 9.4. Let 

7Vf_(^,e,£/2):= ^ J2 Area(C). 

CeCyli^{S)nCyl{S,E,s/2) 

Then, 

CareaiMl) = lim ^ / iVf_(5, £, e/2) d^S) ■ 

Proof. Write 7Va.ea(^, e, e/2) = Narea{S,e) - Narea{S,e/2). By Siegel— Veech for- 
mula (|1.4p . for any e > 0, 



(9.9) CareaiMl) ^ I N area{S , S , S / 2) dui{S) . 

JTT£^ J Ml 

Let 

iVf_(5,£,£/2):= ^ Area(C). 

C<£CylK(S)nCyl{S,e,e/2) 
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By UHl Theorem 5.1], card C?/Z(S', e, e/2) 0{eflatiS)-^) for any 1 < /? < 2. 
Suppose C is a cylinder in Cyl{S,e,e/2) — CylK{S). Then, since Mod(C) < K, 
Area(C) < Kw{Cy < Ke^. Thus, 

(9.10) Narea{S,e,e/2) - Ar^,,(5,e,e/2) < Ke^lflatiS)''^ ■ 

Since the left hand side of (|9.10p is supported on {S G Mi \ iflat{S) < e}, and since 
£flat{-)~'^ e L^{Mi, v) by Lemma [9?T1 we have 
1 



lim 

Thus, in view of (jOJ]) . 



[NareaiS, S, s/2) - N^^^eaiS, S, e/2)) dl^i ^ . 



Carea{Ml) = lim 



N^,,,{S,e,e/2)d,^,{S). 



By (jl.2p A^^g^(-, e, e/2) and iV^gQ(-, e, e/2) might differ only on a set of measure 
o(e^). Note also, that N^^^^{S,e,e/2) < 3g — 3 + n. Hence, we may replace N^^^^ 
by Narea the above equation. Lemma 19.41 is proved. □ 



Suppose P > 1. Let CylK,p{S) := {C g Cylj^iS) \ w{C) < PiK{S)}, and let 
V;^'^^(5):- ^ (Mod(C)-if). 



Let 



N^Z{S,e,e/2):^ ^ J2 Area(C). 

CeCylKp(S}nCyl{S,6,E/2} 

Lemma 9.5. For all K sufficiently large, and all P > 1, the following estimates 
hold: 



(9.11) 



and 
(9.12) 



/ l\Teich'^OgdetAflat{S,So)dvi 
J Ml 

— — • lim / 

3 ^^oJmi 



< 



C{Mi) 



p2 



(Ml) - lim 



-^^0 |7re2 



N^,f,{S,e,e/2)dvi{S) 



< 



CjMi) 

p2 



where the constant C'{A4i) depends only on Ai\ 



Proof. If C e CylK,p{S) ~ Cyl^iS) then w{C) > P£k{C), and hence Mod(C) < 
1 

2 • The latter implies, that 



p^{iK{s)y 

(9.13) 



3g — 3 + n 



pHiK{s)y 

Suppose C is a cylinder on a surface S. Then for g S SL(2,R), gC is a cylinder 
on gS. Let h{g) — Mod{gC). Then, we claim that 





(9.14) 



^Teichh ~ 



2h 
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Indeed, we may write 



cosy sin6'\ /y^/'^ \ fl x 

y 



3=\-,ine cose) .-1/2) i)='-''«v«- 



in such a way that Ux acts by Dehn twists on C . Then, 

h(rgayUx) = h{ay) = yMod(C). 

The decomposition (|9.15p was chosen in such way that C = x+iy provides a standard 
coordinate in the hyperbohc upper half-plane parametrizing the Teichmiiller disc, 
see section [3TT] For the associated hyperbolic metric of curvature -4 one has 



^Teichh — 




\ 
2yMod(C)y \2h 



This completes the proof of (|9.14l) . Now in view of (j9.13p . and (j9.14p . we have 

< \\^Te^cki'''iS) - VTe.c.^^'^(5)|| < ^^^^ ~ ^ ^ , 

for all S where ^TeichW {S) and ^Teichw'^ [S) are defined. 

Note that by Lemma l9.2l the function Areichfe is bounded and supported on the 
set A41 defined in (|9.7p . On this set we can extend the latter estimate as 

P^{£k{S)Y P^{e/2f 

Finally, note that since £flat(S) < £k{S), Lemma \9A\ implies that i^i(Alf) = 0(£^). 
By property (c) of Lemma [9.21 || VTeic/i/e|| is bounded by a uniform bound inde- 
pendent of e. The estimate ()9.1ip now follows from Lemma l973l 

For the estimate ^2]) notejdiat if N^^^^{S, e, e/2) - ^^^£(5", e, e/2) > 0, i.e. 
if there exists C e Cylj^iS) - Cylj^ p{S) with e/2 < w{C) < e, then tflatiS) < 

£k{S) < p. Now since N^^eaiS, e, e/2) ~ N^,f,{S, e, e/2) < (3g - 3 + n), 
{N^,,,{S,e,e/2) - N^,f,{S,e,e/2))du,{S) < 

Ml 

2 



< (3g _ 3 + n) . ({5 I e^^^^s) <j^})=o (^-^) 



where we have used Lemma 19.11 for the last estimate. Now the estimate (|9.12p 
follows from Lemma [9.41 □ 



Remark 9.1. Note that in the calculation in Lemma l9.5l wc confront a conflict of two 
conventions. One uses the upper half-plane for the Poincare model of the hyperbolic 
plane, which imposes the decomposition ()9.15p of SL(2, R). The latter implies, that 
the holonomy vector associated to the waist curve of the cylinder C should be 

expressed as ( ) , as if it was vertical and not traditionally horizontal. A 



MC)^ 

similar situation is reproduced in the next section. 
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9.3. The Determinant of the Laplacian and the Siegel — Veech constant. 
Lemma 9.6. If K/P^ is sufficiently large (depending only on the genus), then 

lim / VTe^chi'''■'' ■yTe^chfedlyl = -{An)- lim^ f N^^£ {S , E , E /2) di^^iS) . 

Proof. Let Q = 2P, where, by assumption, P > 1. Note that the supports of both 
'^Teichfe ^nd N^^,'^ are contained in the set 

Mf' ^{SeMil e/Q < ^KiS) < Qe} . 

Note also that the support of N^rla-i contained in the smaller subset M.'^''^ C 
Ai'i"'^ of those surfaces, for which all cylinders in CylxiS) having the waist curve 
of the shortest length £k{S) are parallel. Note that the intersection of the supports 
of VxeicYife ^ud of ti)^'^ is also contained in Ai^'^. 

We normalize the Haar measure dg on SL(2,R) in coordinates (j9.15p as 

1 

dg — ^— ^ dx dy dO — dguyp dO , 

where guyp is the hyperbolic metric of curvature —4 on the upper half-plane 

~ SL(2,M)/SO(2,R). 

We choose a codimension two cross section M of M^'^ represented by the surfaces 
Se for which £k{Ss) ~ s and such that on the cylinders in Cylj^ p{Se) are 
horizontal in the sense of Remark 19.11 at the end of section 19.21 Then, every S S 
TW^'^ can be represented as 

(9.16) S = re OySe , 

where y G [Q-^Q^], Se&Af. 

Recall that since the measure di^i is affine, it disintegrates as 

di^i ^^dOdp', 

where j3' is a measure on A/". 
For Se G U, let 

h{y, S,) Mod(a^C) . 

Suppose that some cylinder C belongs to the symmetric difference of Cylj^ p{S^) 
and Cylj^ p{aySe) for some y G [Q^^,Q^]- Then, 

KQ-^ < Mod(C) < KQ^ 

By assumption KQ^^ is sufficiently large so that all cylinders of modulus at least 
KQ^^ are disjoint. It follows that for y G [Q^^,Q^], 

|^^'^(a,^,) - h{y, S,)\ <{3g-3 + n)KQ^ . 

By the same argument as in the proof of (|9.14p . this implies 

(9.17) \\yTe^chi''''''iaySe) ~ V Te^chh{y , Se)\\ < 2{3g - 3 + n)KQ^ 
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We will eventually need to consider the integral 

(9.18) / '^Te^ch^^'^ ■yTe^chfedyl. 

J Ml 

However, the integrand is supported on a set A^^''^ satisfying z^i(A^^'^) < C{Mi)e'^ 
and II Vreic/i/ell is bounded independent of e. Then, the contribution of the right 
hand side of (PTfl) to (igjS)) wiU tend to as £ ^ 0. 
Similarly, let 

A{y,S,):= Area(C). 

CeCV^'"^(Ss)nCy/(a„Ss,e,£/2) 

As above, if some cylinder C belongs to the symmetric difference of Cylj^ p{S^) 
and Cylj^ p{ayS^) for some y e [Q^^,Q^], then, 

Area(C) = (w(C))^ Mod(C) < [QefKQ'^ < KQ^e^. 

Thus, 

(9.19) \N^,fAayS„e,e/2)-A{y,S,)\ < (3g - 3 + n)if QV. 
We will eventually need to consider the expression: 

(9.20) ^ / N^^J:iS,e,e/2)d,y^iS). 

Since the integrand is supported on a set A^^'^ satisfying i/i^Aif'^) < C(A^i)e^, 
the contribution of the right hand side of (|9.19l) to (I9.20p will tend to as e — )■ 0. 
We now claim that for any S'^ G A/" we have 

(9.21) ^^ 

/ ^Teichhiy, Se) ■ VTeichfeiaySe) ^ = -47r • / A{y, Se) ^ • 

Note that by definition the function h{y,Se) is linear in y, namely, for y G 
[1/Q^,Q^] we have h{y,Se) — y ■ Mod(C). Also by construction, for Se € Af, 
fe{aQ2Se) = 0, and fe{ai/Q2Se) = 1. Thus, 

f^^ dy f^^ 

/ '^TeiclMy, Se) ■ VTeichfe{aySe) "r^ / Vft.(y, Se) V fe{aySe) dy = 

'■'5' dfe{aySe) 



/Q2 dy 



= ^ Mod(C) / 

C€CylK.p{S,) 

^ Mod{C)ife{aQ.Se)-fe{a,/Q2Se))^ ^ Mod(C).(-l). 
Now, 

A(y, 5,) = ■ (y"'^' ■ MO) , 

where the characteristic function X{a.b) {t) is 1 if a < t < b and otherwise. By 
our choice of Q and by the definition of Cylj^ p{Se), for every C £ Cylj^ p{Se), we 
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have 



4e2 ) £2 



C [Q-^,Q\ Then, 



/ Area(C) / -i^ = - • - > Area(C)- - 

CeCyl,^_p{S,) 

This completes the proof of (|9.2ip . We now integrate ()9.2ip over J\f with respect to 
the measure d/3' , and over 6 from to 27r, use (|9.17p and (|9.19p . and take the Umit 
as £ — >■ 0. Since j'i(A^^''^) < C{A4i)e^ and Vreichfe is bounded independent of e, 
we see that the contributions of of each of the right-hand-sides of (|9.17p and (|9.19p 
tend of as e — > 0. Lemma follows. □ 



Proof of Theorem\^ Choose arbitrary large P > 1 and choose K' so large, that 
all previous considerations in sections 19.21 ~ 1^751 work for K = K'/Q^ ~ K'/{4P'^). 
Since P is arbitrary, formula p.26p and thus, Theorem IH] follow from Lemma [9.51 
and Lemma [n?ni Theorem [HI is proved. □ 

10. Evaluation of Siegel-Veech constants 

It follows from the general results of A. Eskin and H. Masur jEMj that almost 
all flat surfaces in any closed connected regular SL(2, R)-invariant suborbifold Aii 
share the same quadratic asymptotics 

(10.1) hm — ^Carea{Ml) 

where the Siegel — Veech constant Careai-Mi) depends only on A^i (see also more 
specific results of Ya. Vorobets |Vb| ). 

In section 110.11 we recall some basic facts concerning arithmetic Teichmiiller 
discs. The reader can find a more detailed presentation in the original articles |GJ) , 
pMSl) . [HL] . [Zl]. 

Following analogous computations in [V2], [V3], jEMZ) . [Le] and |EMS1| we 
compute the Siegel- Veech constant Carea for an arithmetic Teichmiiller surface in 
section [10.21 thus proving Theorem S) 

10.1. Arithmetic Teichmiiller discs. Consider a unit square representing a fun- 
damental domain of the integer lattice Z © V~l ■ ^ in the complex plane. Consider 
a flat torus obtained by identification of opposite sides of this unit square. A 
square-tiled surface (also an origami) 5 is a ramified cover 

(10.2) S 

of finite degree D over the torus such that all ramification points project to the 
same point of the torus. 

Clearly, S £ 'H{mi , . . . , m„) where mi -f 1, . . . , m„ -t- 1 are degrees of ramification 
points. By construction, the cohomology class of the closed 1-form lo = p*dz is 
integer: [w] G H{S, {zeroes}; Z ® ^/-L ■ Z). 
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One can slightly generalize the above construction admitting other flat tori with- 
out singularities and with a single marked point as a base of the cover (|10.2p . The 
corresponding covering flat surface S is called an arithmetic Veech surface. An 
SL(2, M)-orbit of such flat surface in the corresponding stratum is called an arith- 
metic TeichmiiUer disc, and its projection to P'H(rni, . . . , m„) (or to the moduli 
space of curves) is called an arithmetic TeichmiiUer curve. 

We say that an arithmetic Veech surface is reduced if the cover ()10.2|) does not 
factor through a nontrivial regular cover of a larger torus: 

\ /• 

Throughout this section we consider only reduced arithmetic Veech surfaces S. 
Moreover, we always assume that the base torus of the cover (|10.2I) has area one. 

The action of the group GL(2,K) on an arithmetic Veech surface S and on the 
underlying torus are compatible: having a cover (|10.2p we get a cover gS gt^ 
for any group element g\ moreover, this new cover has the same topology as the 
initial one. This implies, in particular, that if the base torus of the cover (|10.2|) 
has area one, than the SL(2, M)-orbit SL(2,R) • S* of an arithmetic Veech surface S 
representing contains at least one square-tiled surface. This also implies that the 
orbit SL(2,M) • 5* of S* is a finite nonramified cover over the moduli space ?^i(0) of 
flat tori with a marked point. 

It would be convenient to apply extra factorization over ±Id G SL(2,Z) and to 
pass to PSL(2,R) and PSL(2,Z). The degree N of the cover 

n:PSL(2,R)-S'->-Hi(0) 

coincides with the cardinality of the PSL(2, Z)-orbit of any square-tiled surface Sq 
in the orbit PSL(2,R) • S', 

N = deg(n) = card PSL(2, Z) • 5o 

Rescaling every flat surface in the orbit PSL(2, M) by a homothety with a factor 
1/Vd we can identify the orbit PSL(2,R) • S with a regular PSL(2, IR)-invariant 
variety M.i of flat surfaces of are one. The corresponding TeichmiiUer curve M.2 
has a natural structure of a cover of degree N over the modular curve P'H(O), where 

P-H(O) ~ PS0(2, M)\ PSL(2, M) / PSL(2, Z) ~ H^/ PSL(2, Z) 

This cover might have ramification points over any (or over both) orbifoldic points 
of the modular curve. 

The canonical density measure dvi on 'Hi(O) — PSL(2, R)/ PSL(2, Z) in stan- 
dard normalization disintegrates to the hyperbolic area form dv2 on P'H(O) ~ 
HVPSL(2,Z). In particular, 

^l(Hl(0))=y ^2(PH(0))=^ 

Clearly, a flat torus of area one cannot have two short non-homologous closed 
geodesies. Hence, a thin part H^'*''*"(0) is empty and a subset "Hf (0) of flat tori with 
a shortest geodesic of length at most e coincides with its thick part (see section [T3]) . 
Since 'Hi(O) is connected, it represents the single cusp of ■Hi(O). It is easy to 
compute that 
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Since any arithmetic Teichmiiller curve A^2 is a (possibly ramified) cover of 
finite order N over the modular curve, A^2 is a Riemann surface of finite area 
N ■ 7r^/3 with cusps. Similarly to the modular curve, a thin part of any arithmetic 
Teichmiiller disc is empty, so cusps of (see section fl. 5 P are in a bijection with 
connected components Ci, . . . ,Cs of the subset A^l- 

Consider a very short (say, shorter than s/N) simple closed curve 7 non-homotopic 
to zero in P'H^(O) (for example, a very short horocycle). Consider its preimage n~^7 
in A^2- -By construction the preimage has a unique connected component 7^ in each 
cusp Cj of A^l- We define a width Nj of the cusp Cj as a ratio of lengths of 7^ 
and 7 measured in the canonical hyperbolic metric. Note that the connected com- 
ponent A^I(Cj) of A^l representing the cusp Cj is a cover of degree Nj over the 
neig hborhood P-H^/^^ (0) of the only cusp of the modular curve. 

Consider a square-tiled surface Sq. Every nonsingular leaf of the horizontal 
foliation on So is closed. Thus, Sq decomposes into a finite number of maximal 
cylinders bounded by unions of horizontal saddle connections. We denote the length 
of the horizontal waist curve of the cylinder number j by Wj and the vertical height 
of the cylinder by hj. We enumerate the cylinders in such a way that wi < W2 < 
■ ■ ■ < Wki where k is the total number of cylinders. Clearly all parameters Wj,hj 
are integer. The area of the cylinder number j equals Wjhj. The area of the entire 
square-tiled surface Sq (which coincides with the number D of unit squares tiling 
it) is equal to the sum 



where k is the total number of cylinders. We enumerate the cylinders in such a way 
that wi < W2 < ■ ■ ■ < Wk- 

Consider a unipotent subgroup 



of PSL(2,Z). Consider an orbit U ■ Sq oi a square-tiled surface. Any flat surface 
in this orbit is also a square-tiled surface. Moreover, it has the same number 
of maximal cylinders in its cylinder decomposition, and the cylinders have the 
same heights and widths as the ones of the initial square-tiled surface. (The only 
parameters which differ for different elements of U ■ So are the integer twists which 
are responsible for gluing the cylinders together.) 

The proof of the following simple Lemma can be found in |HL) . 

Lemma 10.1. Let So be a reduced square-tiled surface and let Z{So) = PSL(2. Z) • 
^0 be the set of square-tiled surfaces in its orbit. The cusps of the corresponding 
arithmetic Teichmiiller disc Aii — PSL(2,M) • 6*0 are in bijection with the U -orbits 
of Z{So), and the widths Nj of the cusps coincide with cardinalities of the corre- 
sponding U -orbits. 



area(S') = D = wihi -\- Wkhk , 




(10.3) 



Z{So) = UUU, 



card([/,) = N, 



where s is the total number of cusps. 



10.2. Siegel Veech constants for square-tiled surfaces. Consider an arith- 
metic Veech surface S; let p : S he the corresponding torus cover. As usual 
we assume that the area of the flat torus in the base of the cover is equal to one. Let 



92 



ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH 



7 be a closed geodesic on S. Its projection ^(7) to the torus is also a closed geo- 
desic. Let t/ e be a primitive vector of the lattice associated to representing 
this closed geodesic on the torus. Applying an appropriate rotation re G PS0(2,]R) 
to V we can make it horizontal. Applying a hyperbolic transformation 



with a sufficiently large negative t to the resulting horizontal vector we can make 
it very short. The corresponding flat surface gtre ■ S belongs to a neighborhood of 
one of the cusps Cj of the orbit PSL(2, M) • S. 

Note that a direction of any closed geodesic (or of any saddle connection) on 
a square-tiled surface is completely periodic: any leaf of the foliation in the same 
direction is either a regular closed leaf or is a saddle connection. Thus, any closed 
geodesic on a square-tiled surface defines a cylinder decomposition of it. Proportions 
of lengths of the waist curves of the cylinders or of heights of the cylinders as well 
as areas on the cylinders do not change under the action of the group PSL(2, R). In 
particular, any closed geodesic on a square-tiled surface defines a rigid configuration 
of saddle connections. We say that this configuration has type Cj when the flat 
surface gtrg ■ S deflned as above belongs to a neighborhood of one of the cusps Cj. 

Any closed geodesic corresponds to a unique cusp Cj , so 



Here s denotes the total number of cusps of A^2- The Siegel-Veech constant 
CareaiCi) corrcsponds to counting total areas of only those cylinders of bounded 
length, which represent a given rigid configuration Ci of saddle connections. 

To compute the Siegel-Veech constant Carea{Ci) we follow analogous computa- 
tions in |EMj . [EMZj . |Le] and especially a computation in |EMS1| which is the 
closest to our case. 

Having an arithmetic Veech surface S G Aii choose a cusp Ci oi A4i. Having a 
configuration of closed geodesies of the type Ci choose a regular closed geodesic 7 in 
this configuration and consider the associated vector ^(7) as above. By construction 
V does not depend on the choice of a representative 7. Moreover, it can be explicitly 
evaluated as follows. Consider the cylinder decomposition of square-tiled surfaces 
in the orbit L/-orbit Ui representing the cusp Ci . If the representative 7 belongs to 
a cylinder number j, then 



where 7 is a plane vector having the length and the direction of 7. 

Associating to every configuration of parallel closed geodesies of the type Ci 
a vector v as above we construct a discrete subset Vi{S) in the plane R^. By 
construction the subset changes equivariantly with respect to the group action: for 
any g G PSL(2,R) we have Vi{gS) = gV^. 

Consider a Siegel-Veech transform which associates to a function / with compact 
support in R^ a function / on A4 defined as 




s 




i=l 



v£V,(S) 
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By a Theorem of Vcech (see [V3| ) one has 
(10.4) I / f{S)dvi = const- I f{x,y)dxdy, 

where the constant const does not depend on the function /. 

Hence, to compute the constant const it is sufficient to evaluate both integrals 
for some convenient function /, for example for a characteristic function Xei^iU) 
of a disc {{x, y) \ x^ + < e^} a, very small radius e. In this particular case the 
integral on the right is just the area tte^ of the disc. Function is the characteristic 
function of those component of the preimage n^^('Hf (0)), which corresponds to the 
cusp Ci. If the width of the corresponding cusp is Ni, than, 

fiS) diyi = N, ■ lyiinim = ■ tts^ 

Ml 

Finally, ^i(7Wi) = TV • jyi(Hi(0)) = Thus, the Siegel— Veech formula ((To:4)) 

applied to Xe establishes the following relation: 

TT— ■ NiTTE^ — const ■ 7re^ 

Nn''/3 

which implies that the constant in (110.41) has the following value: 

7r2 N ' 

To compute Carea{Ci) wc introduce a counting function Xr{v,Ci) : — >■ M with 
compact support defined as follows: 



(10.5) const — 



'O when wi 11^11 > r 

w\h\ 



D 



when W2||w|| > r > 



Xr(v,Ci) := < 



— {wihi + • • • + Wjhj) when Wj+i > r > Wj\\v\\ 



1 

— (wi/iiH hwkhk) when r > ti;fe||i/|| 

Here k is total number of cylinders in the cylinder decomposition corresponding to 
the configuration d, and D ~ area(S') is the number of unit squares used to tile 
the initial square-tiled surface. As always, we enumerate the cylinders in such a 
way that wi < 'W2 < ■ ■ ■ < Wk- 

By definition of Narea(S,r;Ci) we have 

Narea{S,r\Ci) ^ ^ Xr{v ,Ci) ^ Xr{S ,Ci) . 
v£Vi{S) 

Note that modifying a flat structure on a surface 5* by a homothety with a 
positive coefficient A is equivalent to changing the scale. Hence, for any counting 
function N{S, r) with a quadratic asymptotics in r we get 

N{X-S,r)=Nls,j \ ^ ^■N{S,r) 
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By definition ttie coefficient Carea is defined as a coefficient in a quadratic asymp- 
totics of a counting function Narea on a surface of unit area. Since aritlimetic Veecli 
surfaces in our consideration liave area D (the number of unit squares tiling tlie 
initial square-tiled surface Sq), we need to normalize the limit below by the area of 
S in order to obtain Carea- 

Carea{Ci) := area(5) • lim ^'^rea{S■,r,C^) ^ ^ . jj^^ . j;,^(^s^c.i) . 



By the results of W. Veech jV3| for the case of a Teichmiiller disc of a Veech 
surface the constant above is one and the same for all surfaces in the corresponding 
Teichmiiller disc and 

1 1 /■ 

(10.6) CareaiCi) ^ D ■ lim • — — / Xr{S,Ci) dl^i . 

On the other hand, by the Siegel — Veech formula (|10.4p the above normalized 
integral equals to 

(10.7) — \ I Xr{S,Ci)diyi = const Xr{v,Ci) dxdy , 

J^U-^lj J Ml 

where the value of the constant is obtained in (|10.5I) . 
It remains to compute the integral 

(10.8) / Xr(v,COdxdy = 7rr^ • — — ^ + — ^ ^ 2~ = 

2 1 ^3 

D ^ w, ' 



and to collect equations (|10.5p - (|10.8p to get 

(r \ - u ^ - i_l X- 

CareaKU) " ^ ' ^2 ^ ' ' 2^ " ^2 ^ 2^ 2^ 

J — 1 surfaces J — 1 

in the 
orbit Ui 

Taking a sum of Carea{Ci) over all cusps Ci, . . . ,Cs of TMi and taking into consid- 
eration that the PSL(2, Z)-orbit Z{S) of the initial square-tiled surface decomposes 
into a disjoint union of orbits Ui, see p0.3p we obtain the desired formula p.lip : 

3 1 '''''^ h,j 

Carea = / C-areaiCi) — ' / / / = 

2—1 cusps Ci surfaces j — 1 ■* 

in the 
orbit Ui 

3 1 ^ ^ V T 

^' card(PSL(2,Z) • 5o) ^ , ^ w~ 

^ ^ ' ' Si£PSL(2,Z)-So horizontal •' 

cylinders cyl^j 

such that 
Si=Ucylij 

Theorem m is proved. □ 
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Appendix A. Conjectural approximate values of individual Lyapunov 

EXPONENTS IN SMALL GENERA 



Degrees 
of 
zeros 


Con- 
nected 
compo- 
nent 


Lyapunov exponents 


Experimental 


JZjXcLCt 


A2 


A3 


n 

EA. 

j=i 


EA, 


(4) 


hyp 


0.6156 


0.1844 


1.8000 


9/5 


(4) 


odd 


0.4179 


0.1821 


1.6000 


8/5 


(1,3) 




0.5202 


0.2298 


1.7500 


7/4 


(2,2) 


hyp 


0.6883 


0.3117 


2.000 


4/2 


(2,2) 


odd 


0.4218 


0.2449 


1.6667 


5/3 


(1,1,2) 




0.5397 


0.2936 


1.8333 


11/6 


(1,1,1,1) 




0.5517 


0.3411 


1.8928 


53/28 
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Degrees 
of 
zeros 


L/On- 
nected 
compo- 
nent 


Lyapunov exponents 


Experimental 


Exact 


Ao 






s 

y" A, 

J=l 


9 

j=l 


(6) 


hyp 


0.7375 


0.4284 


0.1198 


2.2857 


16/7 


(6) 


even 


0.5965 


0.2924 


0.1107 


1.9996 


14/7 


(6) 


odd 


0.4733 


0.2755 


0.1084 


1.8572 


13/7 


(1,5) 




0.5459 


0.3246 


0.1297 


2.0002 


2 


(2,4) 


even 


0.6310 


0.3496 


0.1527 


2.1333 


32/15 


(2,4) 


odd 


0.4789 


0.3134 


0.1412 


1.9335 


29/15 


(3,3) 


hyp 


0.7726 


0.5182 


0.2097 


2.5005 


5/2 


(3,3) 




0.5380 


0.3124 


0.1500 


2.0004 


2 


(1,2,3) 




0.5558 


0.3557 


0.1718 


2.0833 


25/12 


(1,1,4) 




0.55419 


0.35858 


0.15450 


2.06727 


1137/550 


(2,2,2) 


even 


0.6420 


0.3785 


0.1928 


2.2133 


737/333 


(2,2,2) 


odd 


0.4826 


0.3423 


0.1749 


1.9998 


2 


(1,1,1,3) 




0.5600 


0.3843 


0.1849 


2.1292 


66/31 


(1,1,2,2) 




0.5604 


0.3809 


0.1982 


2.1395 


5045/2358 


(1,1,1,1,2) 




0.5632 


0.4032 


0.2168 


2.1832 


131/60 


(1,1,1,1,1,1) 




0.5652 


0.4198 


0.2403 


2.2253 


839/377 
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Degrees 
of 
zeros 


Con- 
nected 
compo- 
nent 


Lyapunov exponents 


Experimental 


Exact 






A^ 


At; 


a 

y" A, 

3 = 1 


a 

EA3 

3=1 


(8) 


hyp 


0.798774 


0.586441 


0.305803 


0.086761 


2.777779 


25 
9 


(8) 


even 


0.597167 


0.362944 


0.189205 


0.072900 


2.222217 


20 
9 


(8) 


odd 


0.515258 


0.343220 


0.181402 


0.071107 


2.110987 


19 
9 


(7,1) 




0.560205 


0.378184 


0.206919 


0.081789 


2.227098 


2423 
1088 


(6,2) 


even 


0.603895 


0.385796 


0.220548 


0.091624 


2.301862 


178429 
77511 


(6,2) 


odd 


0.521181 


0.368690 


0.211988 


0.088735 


2.190594 


46 
21 


(6, 1, 1) 




0.563306 


0.398655 


0.229768 


0.093637 


2.285367 


59332837 
25961866 


(5,3) 




0.561989 


0.376073 


0.216214 


0.095789 


2.250066 


9 

4 


(5,2,1) 




0.564138 


0.396293 


0.236968 


0.103124 


2.300523 


4493 
1953 


(5,1,1,1) 




0.565422 


0.414702 


0.252838 


0.107906 


2.340868 


103 
44 



Appendix B. Square- tiled surfaces and permutations 

B.l. Alternative interpretation of Siegel— Veech constant for arithmetic 
Teichmiiller discs. Consider an 7V-squarc-tilcd surface and enumerate its squares 
in some way. The structure of the square tiling can be encoded by a pair of per- 
mutations (TT/ior, 7r„ert), indicating for each square (say, for a square number k) the 

number TThor{k) of its direct neighbor to the right, and the number TThor{k) of its 
direct neighbor on top. Reciprocally, any ordered pair of permutations (jThon T^vert) 
from Sjv, such that it hor, invert do not have nontrivial common invariant subsets in 
{1, . . . , A^}, defines a connected square-tiled surface. 
Applying a simultaneous conjugation 

(B.l) {-K O TV^i,„ O TT^^ , TT O 7r„ert O TT"-^) 

by the same permutation it to both permutations {jThor, TTvert) we do not change the 
square-tiled surface, but only the enumeration of the squares. Thus, A/'-square-tiled 
surfaces are in a one-to-one correspondence with the resulting equivalence classes 
of ordered pairs of permutations. 

Let S{-Khor,'!Tvert) G 'H{m\, . . . ,mn)- The degrees mj of zeroes can be recon- 
structed from {iThor, TTvert) as follows. Consider a decomposition of the commutator 

[iThor, TTvert] ■= TThor ° TTvert ° T^hor ° '^vert 
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into cycles. Then the fohowing two unordered sets with multiphcities coincide: 

{nil + 1, . . . ,m„ + 1} = 

— {Lengths of cycles of [^hon '^vert]j which are longer than 1} . 



Consider the following generators T, S of the group SL(2, Z): 

T := 
R := 



1 -1 
1 



1 

-1 

In terms of pairs of permutations the action of T and R on square-tiled surfaces 
can be represented as 

T{nhor,Trvert) — [T^hor , Invert ° T^hlr) 
RiT^honT^vert) — {.T^vert i '^hor) ■ 

Thus, an SL(2, Z)-orbit 0{S) of a square-tiled surface S{'Khon T^vert) can be obtained 

as an orbit of the equivalence class {TThor,T^vert) under the transformations T, S as 
above in the set of equivalence classes of ordered pairs of permutations. 

We can rewrite now expression (|2.1ip for the Siegel-Veech constant of an arith- 
metic Teichmiiller disc A^i as follows. Let 0{S) be the SL(2, Z)-orbit of the square- 
tiled surface Siirh^T^v)- Let ©(tt/j, 7r„) be the corresponding orbit in the set of 
equivalence classes of ordered permutations. Then 



3 1 . ^ . , hij 



7r2 card O (5) 



^ ^ Wi-i 

Si£0{S) horizontal ■' 
cylinders cyl^j 

such that 
Si=Ucyl,- 

3 1 ^ 1 



TT^ cardOfTT/i, 7r„) ^ ^ length of q 

/ ^ cycles Ci 

in 0(T!h,T^v) 

Note that the subset of noncommuting pairs of permutations {TThor,T^vert) in 
6n X &N is invariant under the action (jB.ip of ©at, and this action does not have 
fixed points in this subset. Hence, when the surface S{nh,nv) has genus at least 
two, the projection of the T, i?-orbit of (tt^, tt^) in 6n x &n to the orbit O^tth, t^v) in 
the set of equivalence classes is a (A^ !)-to-one map. Since the collection of lengths of 
the cycles of a permutation does not change under the conjugation, we can rewrite 
the expression for the Siegel-Veech constant in terms of the T, S-orbit: 



3 1 1 

(B.2) CarcaiMl) = ^- ^^^^ ^j. ( )N E E length ofc. 

^ ^ (TTftor.T.ert) CyclcSCi 

in the in iTftor 



T,i?-orbit 
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B.2. Non varying phenomenon. By Corollaries [T] and [21 the Siegel-Veech con- 
stant of any arithmetic Teichmiiller disc in a hyperelliptic locus depends only on the 
ambient locus. Being formulated in terms of equation (IB.2[) this statement becomes 
by far more intriguing. For example, Corollary [2] implies the following statements 
about pairs of permutations. 

Corollary [2l. Consider permutations t^HtT^v € &N such that t^HtT^v do not 
have nontrivial common invariant subsets in {1, . . . ,N}. 

If the commutator [TTh,TTv] has a single cycle of length three and all other cycles 
have lengths one, than 



Here by a "T, R-orbit of (7r?i,7r„)" we mean the minimal subset in &n ^ &N 
containing (7r/i,7r„) and invariant under the operations T and R. 

If the commutator [tt/ijTTi,] has exactly two cycles of length two and all other 
cycles have lengths one, than 



In other words, when the commutator has a single nontrivial cycle of length 
three, or only two nontrivial cycles of length two, the average inverse length of a 
cycle over all cycles of all permutations in a T, _R-orbit does not depend neither on 
N nor on a specific T, i?-orbit for a given N. 

Experimenting with orbits of square-tiled surfaces, the authors have observed 
the same phenomenon in further strata in small genera. For example, in genus 
three the Siegel-Veech constant of arithmetic Teichmiiller discs did not vary for 
discs in all strata except the principal one, "^(1, 1, 1, 1). 

Of course, this non-varying phenomenon was initially checked only for orbits 
of size sufhciently small to be treated by a computer (of cardinality below 10^). 
However, we have conjectured that it would be valid for all orbits in a certain list 
of connected components of the strata in genera 3, 4, 5. 

An explanation and a proof of this non- varying phenomenon was finally recently 
foimd by D. Chen and M. Moller |ChM6) almost a decade after it was conjectured. 

B.3. Global average. Finally, one can use the interpretation (IB.2P of the Siegel- 
Veech constant of an arithmetic Teichmiiller disc to state the following statement, 
where the operations T and R are not present anymore. 

Definition 5. A pair (tt/j, tt^) of permutations in 6jv has type (toi, . . . , m„) if tt^i, tt^ 
do not have nontrivial common invariant subsets in {1, . . . , N} and if the length 
spectrum of decomposition into cycles of the commutator [TThonT^vert] satisfies 

{mi -f 1, . . . ,m„ + 1} = 




in the 
T.fl-orbit 




{Lengths of cycles of [T^honT^vert], which are longer than 1} . 
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Proposition B.l. For any connected stratum H(mi, . . . , m„) the limit below exists 
and is equal to the normalized Siegel-Veech constant: 



^ 1 ^2 

j™ XI XI X 1 f = — ■ Carea{'H{mi,...,mn)) 

N^oo length 01 Ci 3 ^ ' 

'^■=1 (^hor,^vert) CycloS Ci 

of typo in TThor 
(mi , . ..^irin) 
in efexefc 



Proof. This is essentiahy the content of [Chi, Appendix A]. 



□ 



Acknowledgments. We are extremely grateful to A. Kokotov for clarifying to us 
several confusions related to normalization of the flat Laplacian and to K. Rafl who 
has carefully read a preliminary version of this text, has made several important 
remarks and has given some helpful advice. We thank D. Korotkin for suggesting 
us an idea of the alternative proof of Theorem [5l We highly appreciate important 
discussions with G. Forni, with H. Masur, with M. Moller and with A. Wright. We 
express our special thanks to G. Forni, to P. Hubert, and to M. Moller for the lists 
of misprints and bugs which they communicated to us after reading a draft of this 
paper. 

The authors are grateful to HIM, IHES, MPIM and to Universities of Chicago 
and of Rennes 1 for hospitality while preparation of this paper. 



References 

[AEZ] J. Athreya, A. Eskin, A. Zorich, Rectangular billiards and volumes of spaces of quadratic 
differentials, in eternal progress. 

[AvVi] A. Avila, M. Viana, Simplicity of Lyapunov spectra: proof of the Zorich-Kontsevich 
conjecture, Acta Math., 198 , No. 1, (2007), 1-56. 

[Bal] M. Bainbridge, Euler Characteristics of Teichmiiller Curves in Genus Two, Geom. 
TopoL, 11 (2007), 1887-2073. 

[Ba2] M. Bainbridge, Billiards in L-shaped tables with barriers, GAFA, 20 (2010), no. 2, 
299-356; 20 (2010), no. 5, 1306. 

[BeKn] A. A. Belavin, V. G. Knizhnik, Algebraic geometry and the geometry of quantum 
strings, Phys.Lett. B, 168 (1986), 201-206. 

[BiBo] J.-M. Bismut, J.-B. Bost, Fibres determinants, metriques de Quillen et degenerescence 
des courbes. Acta Math., 165 (1990), 1-103. 

[BGSl] J.-M. Bismut, H. Gillet, C. Soule, Analytic torsion and holomorphic determinant bun- 
dles. I. Bott-Chern forms and analytic torsion.. Comm. Math. Phys., 115 (1988), 49-78. 

[BGS2] J.-M. Bismut, H. Gillet, C. Soule, Analytic torsion and holomorphic determinant bun- 
dles. II. Direct images and Bott — Chern forms, Gomm. Math. Phys., 115 (1988), 79— 
126. 

[BGS3] J.-M. Bismut, H. Gillet, C. Soule, Analytic torsion and holomorphic determinant bun- 
dles. III. Quillen metrics and holomorphic determinants, Gomm. Math. Phys., 115 
(1988), 301-351. 

[BwMo] I. Bouw, M. Moller, Teichmiiller curves, triangle groups, and Lyapunov exponents, 

Annals of Math., (2) 172 (2010), no. 1, 139-185. 
[Be] L. Bers, Spaces of degenerating Riemann surfaces. "Discontinuous groups and Riemann 

surfaces" (Proc. Conf., Univ. Maryland, College Park, Md., 1973), pp. 43—55. Ann. of 

Math. Studies, No. 79, Princeton Univ. Press, Princeton, N.J., 1974. 
[CW] K. Calta, K. Wortman. On unipotent flows in ^{{1, 1). Ergodic Theory and Dynamical 

Systems, 30 (2010), no. 2, 379-398. 
[Chi] D. Chen, Square-tiled surfaces and rigid curves on moduli spaces. Adv. Math. 228 

(2011), no. 2, 1135-1162. 
[Ch2] D. Chen, Covers of elliptic curves and the moduli space of stable curves, J. Reine 

Angew. Math., 649 (2010), 167-205. 



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 



101 



[ChMo] D. Chen, M. MoUcr, Non-varying sums of Lyapunov exponents of Abelian differentials 
in low genus, arXiv: 1104 . 3932 (2011). 

[EKZ] A. Eskin, M. Kontsevicfi, A. Zoricfi, Lyapunov spectrum of square-tiled cyclic covers, 
Journal of Modern Dynamics, 5:2 (2011), 319—353. 

[EM] A. Eskin, H. Masur, Asymptotic formulas on fiat surfaces, Ergodic Theory and Dynam- 
ical Systems, 21 (2) (2001), 443-478. 

[EMkMr] A. Eskin, J. Marklof, D. Morris, Unipotent flows on the spa<;e of branched covers of 
Veech surfaces, Ergodic Theory and Dynam. Systems, 26 (2006) no. 1, 129-162. 

[EMSl] A. Eskin, H. Masur, M. SchmoU, Billiards in rectangles with barriers, Duke Math. J., 
118 No. 3 (2003), 427-463. 

[EMZ] A. Eskin, H. Masur, A. Zorich, Moduli spaces of Abelian differentials: the prin- 
cipal boundary, counting problems and the Siegel— Veech constants. Publications 
Mathematiques de I'lHES, 97 (1) (2003), 61-179. 

[EMi] A. Eskin and M. Mirzakhani, Invariant and stationary measures for the SL(2,R) action 
on moduli spa<;e, work in progress. 

[EMiMo] A. Eskin, M. Mirzakhani, A. Mohammadi, Isolation theorems and orbit closures for the 
SL(2,M) a<;tion on moduli spax;e, work in progress. 

[EMIR] A. Eskin, M. Mirzakhani, K. Rafi, Counting closed geodesies in strata, arXiv : 1206 . 5574 
(2012). 

[EO] A. Eskin, A. Okounkov, Asymptotics of number of branched coverings of a torus and 
volumes of moduli spaces of holomorphic differentials, Inventiones Mathematicae 145:1 
(2001), 59-104. 

[EOP] A. Eskin, A. Okounkov, R. Pandharipande, The theta characteristic of a branched 

covering. Adv. Math., 217 (2008), no. 3, 873-888. 
[Fay] J. Fay, Kernel Functions, Analytic Torsion, and Moduli Spaces. Memoirs of the AMS, 

464. AMS (1992). 

[Fol] G. Forni, Deviation of ergodic averages for area-preserving flows on surfaces of higher 
genus. Annals of Math., 155, no. 1, 1-103 (2002) 

[Fo2] G. Forni, On the Lyapunov exponents of the Kontsevich-Zorich cocycle. Handbook 
of dynamical systems. Volume IB. Editors: B. Hasselblatt and A. Katok. Elsevier, 
Amsterdam, 549-580, 2006. 

[F3] G. Forni, A geometric criterion for the non-uniform hyperbolicity of the Kontsevich- 

Zorich cocycle. Journal of Modern Dynamics, 5:2 (2011), 355-395. 

[FMZl] G. Forni, C. Matheus, A. Zorich, Square-tiled cyclic covers, Journal of Modem Dynam- 
ics, 5:2 (2011), 285-318. 

[FMZ2] G. Forni, C. Matheus, A. Zorich, Lyapunov spectrum of invariant subbundles of the 
Hodge bundle, (2011), arXiv:1112.0370. 

[FMZ3] G. Forni, C. Matheus, A. Zorich, Zero Lyapunov exponents of the Hodge bundle, in 
progress. 

[GKr] S. Grushevsky and I. Kricliever, The universal Whitham hierarchy and geometry of the 
moduli space of pointed Riemann surfaces. Surveys in differential geometry. Vol. XIV. 
Geometry of Riemann surfaces and their moduli spaces, 111-129. Int. Press, Somerville, 
MA, 2009. 

[GJ] E. Gutkin and C. Judge, Afiine mappings of translation surfaces: Geometry and arith- 
metic, Duke Math. J. 103, No.2 (2000), 191-213. 
[H] P. Hubert, Exposants de Lyapunov du flot de Teichmiiller (d'aprs Eskin-Kontsevich- 

Zorich). Scminaire Nicolas Bourbaki, Octobre 2012. Asterisque (to appear). 
[HL] P. Hubert, S. Lelicvre, Prime arithmetic Teichmiiller discs in 'H{'i), Isr. J. Math., 151, 

281-321 (2006). 

[HMSZ] P. Hubert, H. Masur, T. Schmidt, A. Zorich, Problems on billiards, flat surfaces and 
translation surfaces. Problems on mapping class groups and related topics, 233—243, 
Proc. Sympos. Pure Math., 74, Amer. Math. Soc, Providence, RI, 2006. 

[Hu] J. Hubbard. Teichmller theory and applications to geometry, topology, and dynam- 
ics. Vol. 1. Teichmller theory. With contributions by Adrien Douady, William Dunbar, 
Roland Roeder, Sylvain Bonnot, David Brown, Allen Hatcher, Chris Hruska and Sudeb 
Mitra. With forewords by William Thurston and Clifford Earle. Matrix Editions, Itha<;a, 
NY, 2006. xx-l-459 pp. ISBN: 978-0-9715766-2-9; 0-9715766-2-9 



102 



ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH 



[JL] J. Jorgenson and R. Lundelius, Continuity of relative hyperbolic spectral theory through 

metric degeneration, Duke Math. J., 84, No. 1 (1996), 47-81. 
[KH] S. Koch and J. Hubbard. An analytic construction of the Deligne- 

Mumford compactification of the moduli space of curves. Preprint, 

http: / /www. math. harvard.edu/~kochs/DMC.pdf 
[Kkl] A. Kokotov, On the asymptotics of determinant of Laplacian at the principal boundary 

of the principal stratum of the moduli space of Abclian differentials, arXiv : 0908 . 1594, 

(2009), 1-27. 

[Kk2] A. Kokotov, Euclidean polyhedral surfaces of an arbitrary genus and determinant of 
Laplacian, arXiv : 0906 . 0717 (2009), 1-15. 

[KkKtl] A. Kokotov and D. Korotkin, Tau-functions on spaces of Abelian and quadratic dif- 
ferentials and determinants of Laplacians in Strebel metrics of finite volume, Preprint 
MPI Leipzig 46 (2004), 1-48. 

[KkKt2] A. Kokotov and D. Korotkin, Tau-functions on spaces of Abelian differentials and higher 
genus generalization of Ray-Singer formula, J. Diff. Geom., 82 (2009), 35—100. 

[KkKtS] A. Kokotov and D. Korotkin, Bergman tau-function: from random matrices and Frobe- 
nius manifolds to spaces of quadratic differentials, J. Phys. A, 39 (2006), no. 28, 8997- 
9013. 

[K] M. Kontsevich, Lyapunov exponents and Hodge theory. "The mathematical beauty of 

physics" (Saclay, 1996), (in Honor of C. Itzykson) 318-332, Adv. Ser. Math. Phys., 24, 

World Sci. Publishing, River Edge, NJ, 1997. 
[KZl] M. Kontsevich and A. Zorich, Lyapunov exponents and Hodge theory. Preprint IHES 

M/97/13, pp. 1-16; arXiv:hep-th/9701164. 
[KZ2] M. Kontsevich and A. Zorich, Connected components of the moduli spaces of Abelian 

differentials, Inventiones Math., 153:3, (2003), 631-678. 
[KtZg] D. Korotkin, P. Zograf, Tau function and moduli of differentials. Math. Res. Lett., 18 

(2011), no. 3, 447-458. 

[Kr] R. Krikorian, Deviations de moyennes ergodiques, fiots de Teichmiiller et cocycle 

de Kontsevich-Zorich (d'apres Forni, Kontsevich, Zorich). Sominaire Bourbaki. Vol. 

2003/2004. Asterisque, 299 (2005), Exp. No. 927, vii, 59-93. 
[Lai] E. Lanneau, Connected components of the moduli spaces of quadratic differentials, Ann. 

Sci. Ec. Norm. Super. (4) 41 (2008), no. 1, 1-56. 
[La2] E. Lanneau, Hyperelliptic components of the moduli spaces of quadratic differentials 

with prescribed singularities. Comment. Math. Helvetici, 79, No. 3, (2004), 471-501. 
[Le] S. Lelievre. Siegel-Veech constants in H(2). Geom. Topol. 10 (2006) 1157-1172. 

[LeM] A. Lenzhen, H. Masur, Criteria for the divergence of Teichmiiller geodesies, Geom. 

Dedicata, 144 (2010), 191-210. 
[Lu] R. Lundelius, Asymptotics of the determinant of the laplacian on hyperbolic surfaces 

of finite volume, Duke Math. J., 71:1 (1993), 211-242. 
[Ma] B. Maskit, Comparison of hyperbolic and extremal lengths. Ann. Acad. Sci. Fenn 

10(1985), 381-386. 

[Ml] H. Masur, Interval exchange transformations and measured foliations, Ann. of Math., 
115 (1982), 169-200. 

[M2] H. Masur, The extension of the Weil-Peterson metric to the boundary of Teichmiiller 

space, Duke Math. J., 43:3, 623-635 (1976). 
[MS] H. Masur and J. Smillie, Quadratic differentials with prescribed singularities and 

pseudo-Anosov diffeomorphisms. Comment. Math. Helvetici, 68 (1993), 289-307. 
[MZ] H. Masur and A. Zorich, Multiple saddle connections on flat surfaces and principal 

boundary of the moduli spaces of quadratic differentials, Geom. Funct. Anal., 18 (2008), 

no. 3, 919-987. 

[McIT] A. Mclntyre, L. Takhtajan, Holomorphic factorization of determinants of Laplacians on 
Riemann surfaces and a higher genus generalization of Kronecker's first limit formula, 
Geom. Funct. Anal, 16 (2006), no. 6, 1291-1323. 

[McM] C. McMuUen, Dynamics of SL(2,IR) over moduli space in genus two, Ann. of Math., 
165 (2007), no. 2, 397-456. 

[Mi] Y. Minsky, Harmonic maps, length, and energy in Teichmiiller space. Journal of Dif- 

ferential Geometry, 35 (1992), 151-217. 



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 



103 



[Mo] M. MoUcr, Linear manifolds in the moduli space of one-forms, Duke Math. J., 144 No. 
3 (2008), 447-488. 

[M62] M. MoUer, Shimura- and Teichmiiller curves, Journal of Modern Dynamics, 5:1 (2011), 
1-32. 

[OPS] B. Osgood, R. Phillips, and P. Sarnak, Extremals of Determinants of Laplacians, J. 
Fund. Anal, 80 (1988), 148-211. 

[Q] D. Quillen, Determinants of Cauchy-Riemann operators over a Riemann surfax;e. Fund. 

Anal. Appl, 19 (1985), 31-34. 

[Pe] C. Peters, A criterion for flatness of Hodge bundles over curves and Geometric Appli- 

cations, Math. Ann. 268 (1984), 1-20. 

[PI] A. Polyakov, Quantum geometry of Bosonic strings, Phys. Lett. B, 103 (1981), 207-210. 

[P2] A. Polyakov, Quantum geometry of Fcrmionic strings, Phys. Lett. B, 103 (1981), 211— 

213. 

[Rl] K. Rafi. A characterization of short curves of a Teichmiiller geodesic. Geometry and 

Topology, 9 (2005), 179-202. 
[R2] K. Rafi, Thick-thin decomposition for quadratic differentials, Math. Res. Lett., 14 

(2007), no. 2, 333-341. 
[R3] K. Rafi. Hyperbolicity in Teichmiiller space, arxiv: math. GT/1011. 6004 
[RS] D. Ray, I. Singer. Analytic torsion for complex manifolds. Ann. of Math. (2) 98 (1973), 

154-177. 

[Sc] G. Schmithiiscn, Examples for Veech groups of origamis. The geometry of Riemann 

surfaces and abclian varieties, 193—206, Contemp. Math., 397, Amer. Math. Soc, Prov- 
idence, RI, 2006. 

[So] C. Soul, Lectures on Arakclov geometry. With the collaboration of D. Abramovich, J.-F. 

Burnol and J. Kramer. Cambridge Studies in Advanced Mathematics, 33. Cambridge 
University Press, Cambridge, 1992. viii-|-177 pp. ISBN: 0-521-41669-8 

[Sm] J. Smillie, in preparation. 

[TZg] L. A. Takhtadzhyan, P. G. Zograf, The geometry of moduli spaces of vector bundles 
over a Riemann surface (Russian), Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 4, 
753-770, 911; translation in Math. USSR-Izv. 35 (1990), no. 1, 83-100. 

[T] R. Trevino, On the Non-Uniform Hyperbolicity of the Kontsevich-Zorich Cocycle for 

Quadratic Differentials, arxiv : 1010 . 1038v2 (2010), 1-25. 

[Vb] Ya. Vorobets, Periodic geodesies on generic translation surfaces. In: "Algebraic and 

Topological Dynamics" , S. Kolyada, Yu. I. Manin and T. Ward (Editors), Contemporary 
Math., Vol. 385, Amer. Math. Soc, Providence, RI, 205-258 (2005) 

[VI] W. Veech, Gauss measures for transformations on the space of interval exchange maps, 
Annals of Math., 115 (1982), 201-242. 

[V2] W. Veech, Teichmller curves in moduli space, Eisenstein series and an application to 

triangular billiards. Invent. Math. 97 (1989), no. 3, 553-583. 

[V3] W. A. Veech, Siegel measures. Annals of Math., 148 (1998), 895-944. 

[Wl] S. Wolpert, Asymptotics of the spectrum and the Selberg zeta function on the space of 
Riemann surfaces. Comm. Math. Phys., 112 no. 2, (1987), 283-315. 

[W2] S. Wolpert, The hyperbolic metric and the geometry of the universal curve, J. Differ- 
ential Geom., 31 (1990), no. 2, 417-472. 

[W3] S. Wolpert, Geometry of the Weil-Petersson completion of Teichmiiller space. Surveys 
in differential geometry. Vol. VIII (Boston, MA, 2002), 357-393, Surv. Differ. Geom., 
VIII, Int. Press, Somcrvillc, MA, 2003. 

[Zl] A. Zorich, Square tiled surfaces and Teichmiiller volumes of the moduli spaces of Abelian 

differentials. M. Burger and A. lozzi (ed.) Rigidity in dynamics and geometry. Contribu- 
tions from the programme Ergodic theory, geometric rigidity and number theory, Isaac 
Newton Institute for the Mathematical Sciences, Cambridge, UK, January 5— July 7, 
2000. BerUn: Springer. (2002) 459-471. 

[Z2] A. Zorich, Flat surfa<;es. In collection "Frontiers in Number Theory, Physics and Ge- 

ometry. Vol. 1: On random matrices, zeta functions and dynamical systems"; Ecole de 
physique des Houches, France, March 9-21 2003, P. Cartier; B. Julia; P. Moussa; P. 
Vanhove (Editors), Springer- Verlag, Berlin, (2006), 439-586. 



104 



ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH 



Department of Mathematics, University of Chicago, Chicago, Illinois 60637, USA, 
E-mail address: eskin9math.uchicago.edu 

IHES, LE Bois Marie, 35, route de Chartrbs, 91440 Bures-sur-Yvette, FRANCE, 
E-mail address: maximSihes . f r 

IRMAR, Universite Rennes-1, Campus de Beaulieu, 35042 Rennes, cedex, France 
E-mail address: Anton. ZorichSuniv-rennesl .fr 



